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Motivation
• The climate system is highly nonlinear and quite complex.
• The system’s major components — the atmosphere, oceans, 

ice sheets — evolve on many time and space scales. 
• Its predictive understanding has to rely on the system’s 

physical, chemical and biological modeling, 
but also on the thorough mathematical analysis of the models 
thus obtained: the forest vs. the trees.

• The hierarchical modeling approach allows one to 
give proper weight to the understanding provided by the
models vs. their realism: back-and-forth between 
“toy” (conceptual) and detailed (“realistic”) models, 
and between models and data.

• How do we disentangle natural variability from the 
anthropogenic forcing: should we, can we?
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Dynamical systems and predictability 

•  The initial-value problem à numerical weather prediction (NWP)
 — easiest! 

•  The asymptotic problem à long-term climate 
 — a little harder

•  The intermediate problem à low-frequency variability (LFV) – 
– multiple equilibria, long-periodic oscillations, intermittency,
   slow transients, “tipping points”
  — hardest!!

Paraphrasing John von Neumann, in
R. L. Pfeffer (ed.), Dynamics of Climate (Pergamon, 1960)

 now re-edited as an Elsevier E-book



Composite spectrum of climate variability
Standard treatement of frequency bands:

1. Higher frequencies – white (or ‘‘warm-colored’’) noise
2. Lower frequencies – slow (‘‘adiabatic’’) evolution of parameters

From Ghil (2001, EGEC), after Mitchell* (1976)
* ‘‘No known source of deterministic internal variability’’
** 27 years – Brier (1968, Rev. Geophys.)



Unfortunately, thingsUnfortunately, things
arenaren’’tt  all all that easy!that easy!

Ghil, M., 2002: Natural climate variability, 
in Encyclopedia of Global Environmental 
Change, T. Munn  (Ed.), Vol. 1, Wiley

What to do?

Try to achieve better
interpretation of, and
agreement between,
models …
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Temperatures rise: 
•  What about impacts? 
•  How to adapt? 

Source : IPCC (2007), 
AR4, WGI, SPM  

The answer, my friend, 
is blowing in the wind, 
i.e., it depends on the  
accuracy and reliability 
of the forecast … 



Climate	  and	  Its	  Sensi&vity	  
Let’s say CO2 doubles:

How will “climate” change?

 
    Ghil (in Encycl. Global Environmental  
    Change, 2002)

2. Climate is purely periodic;
    if so, mean temperature will
    (maybe) shift gradually to its
    new equilibrium value. 
    But how will the period, amplitude
    and phase of the limit cycle change?

1. Climate is in stable equilibrium
    (fixed point); if so, mean temperature
    will just shift gradually to its new 
    equilibrium value.

3. And how about some “real stuff” 
    now: chaotic + random?
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The sources of nonautonomous dynamics

Physically open vs. closed systems: fluxes of mass, momentum & energy between the
system & its surroundings are present or not.

The mathematical framework of nonautonomous dynamical systems (NDSs) is
appropriate for physically open ones:
− skew-product flows (G. Sell)

ẋ = f (x, q), q̇ = g(q), x ∈ Rd, q ∈ Rn, with q the driving force for x.
− pullback (Flandoli, L. Arnold) or snapshot (C. Grebogi & E. Ott) attractors

dXt = f (X, q)dt + σ(X)dWt,
where Wt is a Brownian motion in Rd and dt ∼ (dW)2.

More generally, studying explicit time dependence in forcing or coefficients requires NDSs.

The term nonautonomous is used both for the deterministic case and for a unified
perspective on the deterministic & the random case.

The commonality between the two cases is (i) the independence & (ii) the semi-group
property of the driving force, whether q(t) or Wt.

Likewise, pullback attractor (PBA) is used both for the deterministic & the random case,
while in the latter case uses more specifically the phrase random attractor (RA).

Michael Ghil (ENS & UCLA) Autonomous DDSs: Bifurcations & EBMs 9 October 2019 2 / 2



Time-dependent forcing, I 
u Much of the theoretical work on the intrinsic variability of the wind-driven 

ocean circulation has been done with time-independent wind stress. 
u  To address truly coupled ocean–atmosphere behavior and climate change
     an important step is to examine time-dependent wind stress.
u  The proper framework for doing so is the theory of non-autonomous and 

random dynamical systems (NDS and RDS).
u We do so here with a “toy” model given by the low-order truncation of the 
     QG, equivalent-barotropic potential vorticity equation (PVE).
u  The forcing is deterministic, aperiodic, and dominated by multi-decadal 

variability.
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Pullback, Snapshot & Random Attractors
The framework of physically open and mathematically

non-autonomous dynamical systems 
Ø skew-product flows (G. Sell) – in deterministic systems, referred to usually as 

non-autonomous
Ø mathematical literature – pullback attractors (F. Flandoli, L. Arnold)
Ø physical literature – snapshot attractors (C. Grebogi & E. Ott)
N.B. When the forcing is (also) stochastic, one talks of random attractors

Some General References
L. Arnold, Random Dynamical Systems, Springer, 1998.
H. Crauel & F. Flandoli, Attractors for random dynamical systems. Tech. Rep. 148

Scuola Normale Superiore, Pisa, 1992. 
G. Drótos, T. Bódai, & T. Tél, Probabilistic concepts in a changing climate: 

A snapshot attractor picture. J. Climate, 28, 3275–3288, 2015.
Ghil, M., M.D. Chekroun, & E. Simonnet, 2008: Climate dynamics and fluid mechanics: 

Natural variability and related uncertainties, Physica D, 237, 2111–2126.
F. J. Romeiras, C. Grebogi, & E. Ott, Multifractal properties of snapshot attractors

of random maps Phys. Rev. A, 41, 784–799 (1990). 
G. R. Sell, Non-autonomous differential equations and dynamical systems. Trans. Amer.

Math. Soc., 127, 241–283, 1967. 
L.-S. Young, What are SRB measures, and which dynamical systems have them? 

J. Stat. Phys. 108, 733–754, 2002.

Applications to the climate sciences
Ø pullback and random attractors (M. Ghil & associates)
Ø snapshot attractors (T. Tél & associates)



Random Dynamical Systems (RDS), I - RDS theory

This theory is the counterpart for randomly forced dynamical
systems (RDS) of the geometric theory of ordinary differential
equations (ODEs). It allows one to treat stochastic differential
equations (SDEs) — and more general systems driven by noise
— as flows in (phase space)×(probability space).
SDE∼ODE, RDS∼DDS, L. Arnold (1998)∼V.I. Arnol’d (1983).

Setting:

(i) A phase space X . Example: Rn.

(ii) A probability space (Ω,F ,P). Example: The Wiener space
Ω = C0(R;Rn) with Wiener measure P.

(iii) A model of the noise θ(t) : Ω→ Ω that preserves the measure P, i.e.
θ(t)P = P; θ is called the driving system.
Example: W (t , θ(s)ω) = W (t + s, ω)−W (s, ω);
it starts the noise at s instead of t = 0.

(iv) A mapping ϕ : R× Ω× X → X with the cocycle property.
Example: The solution operator of an SDE.

Michael Ghil Climate Change and Climate Sensitivity
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Michael Ghil Climate Change and Climate Sensitivity



RDS, II - A Geometric View of SDEs

ϕ is a random dynamical system (RDS)
Θ(t)(x , ω) = (θ(t)ω, ϕ(t , ω)x) is a flow on the bundle

Michael Ghil Climate Change and Climate Sensitivity



RDS, III- Random attractors (RAs)
A random attractor A(ω) is both invariant and “pullback" attracting:

(a) Invariant: ϕ(t , ω)A(ω) = A(θ(t)ω).

(b) Attracting: ∀B ⊂ X , limt→∞ dist(ϕ(t , θ(−t)ω)B,A(ω)) = 0 a.s.

Michael Ghil Climate Change and Climate Sensitivity



Tipping Points – A Classification(*)

Ø B-Tipping or Bifurcation-due tipping
– slow change in a parameter leads to the system’s passage through a

classical bifurcation
Ø N-Tipping or Noise-induced tipping

– random fluctuations lead to the system’s crossing an attractor 
basin boundary

Ø R-Tipping or Rate-induced tipping
– rapid changes lead to the system’s losing track of a slow change in

its attractors.

N.B. All three types of tipping involve an open system. 
We start with closed systems & study their bifurcation structure. 
Then we proceed to open systems & see how that changes things.

(*) Ashwin et al. (PTRSA, 20012)
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Random attractor of the stochastic Lorenz system

Snapshot of the random attractor (RA)

A snapshot of the RA, A(ω), computed at a fixed time t and for the
same realization ω; it is made up of points transported by the stochastic
flow, from the remote past t − T , T >> 1.

We use multiplicative noise in the deterministic Lorenz model, with the
classical parameter values b = 8/3, σ = 10, and r = 28.

Even computed pathwise, this object supports meaningful statistics.

Michael Ghil Climate Change and Climate Sensitivity



Sample measures supported by the R.A.

We compute the probability measure on the R.A. at some fixed time t ,
and for a fixed realization ω. We show a “projection”,

∫
µω(x , y , z)dy ,

with multiplicative noise: dxi=Lorenz(x1, x2, x3)dt + α xidWt ; i ∈ {1, 2, 3}.
10 million of initial points have been used for this picture!

Michael Ghil Climate Change and Climate Sensitivity



Sample measure supported by the R.A.

Still 1 Billion I.D., and α = 0.5. Another one?

Michael Ghil Climate Change and Climate Sensitivity



 
 
 

 Michael Ghil 
 

		
A day in the life of the Lorenz (1963) model’s random attractor, or LORA for short;

see SI in Chekroun, Simonnet & Ghil (2011, Physica D) or 
Vimeo movie: https://vimeo.com/240039610



What is ENSO? 
•  The El Niño-Southern 
Oscillation (ENSO) is a coupled
ocean–atmosphere 
phenomenon originating in
the Tropical Pacific.    
•  It dominates interannual
climate variability globally via
teleconnections.
•  Intrinsic variability interacts
with the seasonal forcing and
leads to irregular occurrences
of large climate anomalies,
warm (El Niños) and cold
(La Niñas). After Nastrom & Gage (JAS, 1985)



Time series of atmospheric pressure 
                and sea surface temperature (SST) indices

Data courtesy of NCEP’s Climate Prediction Center 
Neelin (2006) Climate Modeling and Climate Change



ENSO, Arnol’d tongues & Noise
Key idea: ENSO irregularity is due to 
the interaction of an intrinsic periodicity,
the seasonal cycle & noise.

Ø Jin, Neelin & Ghil (Science, 1994;
Physica D, 1996) – Intermediate coupled 
model (ICM) – Devil’s bleachers

Ø Ghil, Chekroun & Simonnet (Physica D, 
2008) – standard circle map – Devil’s 
staircase + noise

Ø Marangio, Sedro, Galatolo, Di Garbo, &
Ghil (JSP, arXiv:1904.11744, 2019)
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Devil’s quarry for a coupling parameter ε = 0.15:
a web of resonances

Michael Ghil, Mickaël D. Chekroun, Eric Simonnet, Ilya Zaliapin



“Grand Unification”



Physically closed system, modeled  
mathematically as autonomous "
system: neither deterministic 
(anthropogenic) nor random 
(natural) forcing."

The attractor is strange, but still 
fixed in time ~ “irrational” number. "

Climate sensitivity ~ change in the 
average value (first moment) of the 
coordinates (x, y, z) as a parameter 
λ changes."



The classical view of dynamical 
systems theory is:"

positive Lyapunov exponent  "
    trajectories diverge exponentially"

But the presence of multiple "
    regimes implies a much "
    more structured behavior "
    in phase space"

L. A. Smith (Encycl. Atmos. Sci., 2003)"

Still, the probability distribution  "
    function (pdf), when calculated "
    forward in time, is pretty "
    smeared out 



Physically open system, modeled 
mathematically as non-autonomous "
system: allows for deterministic 
(anthropogenic) as well as random 
(natural) forcing."

The attractor is “pullback” and 
evolves in time ~ “imaginary” or  "
                         “complex” number. "

Climate sensitivity ~ change in the 
statistical properties (first and 
higher-order moments) of the 
attractor as one or more  
parameters (λ, μ, …) change."

Ghil (Encyclopedia of Atmospheric 
!Sciences, 2nd ed., 2012)"



Lorenz (JAS, 1963)"
Climate is deterministic and autonomous,"
     but highly nonlinear."
Trajectories diverge exponentially, "
     forward asymptotic PDF is multimodal."

Hasselmann (Tellus, 1976)"
Climate is stochastic and noise-driven,"
     but quite linear."
Trajectories decay back to the mean, "
     forward asymptotic PDF is unimodal."
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Parameter dependence – I 
It can be smooth or it can be rough:
Niño-3 SSTs from intermediate coupled model
for ENSO (Jin, Neelin & Ghil, 1994, 1996)

Skewness & kurtosis of the SSTs:
time series of 4000 years, 
	  

	   	  	  
	   	  	  

	  
	  

M. Chekroun (work in progress)



Sample measures for an NDDE model of ENSO 
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The Galanti-Tziperman (GT) model (JAS, 1999)

Neutral delay-differential equation (NDDE),
derived from Cane-Zebiak and Jin-Neelin
models for ENSO: T is East-basin SST 

  and h is thermocline depth.  

Seasonal forcing given by

µ(t) = 1 + �cos(⇤t+ ⇥).
The pullback attractor and its

invariant measures were computed.

Figure	  shows	  the	  changes	  in	  the	  mean,	  
2nd	  &	  4th	  moment	  of	  h(t),	  along	  with	  the	  	  
Wasserstein	  distance	  dW,	  for	  changes	  	  
of	  0–5%	  in	  the	  delay	  parameter	  	  	  	  	  	  	  	  .	  	  	  ⌧�,0

Note	  intervals	  of	  both	  smooth	  &	  rough	  dependence!	  



How to define climate sensitivity or,
What happens when there’s natural variability?

One usually defines climate sensitivity γ as ΔT/ΔQ, 
where T is global mean temperature in 0C, 
and ΔQ is insolation change in %.
Thus γ ≈ 1 0C per 1 % change in Q.
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But there is much more to climate
than mean T : there is the actual 
distribution of temperatures in time
and space, there’s extrema of
temperatures and of precipitations,
etc., as in the figure.
So we would like a better,
more flexible definition, which
does take into account these “details,”
as well as chaotic behavior: 



How to define climate sensitivity or, 
What happens when there’s natural variability? 

This definition allows us to watch how “the earth moves,” as it is affected 
by both natural and anthropogenic forcing, in the presence of natural
variability, which includes both chaotic & random behavior:
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Clearly the invariant measure            changes in its position (i.e., its support),
as well as in its probability density — with time t, as shown here — but also
with respect to an arbitrary parameter μ, where           in the present case.
Hence, in general,           

⌫(t;µ)

µ = ⌧

� = @dW/@µ.



Time-dependent forcing, IV 

A 

B 
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•  There are strong numerical indications, along with theoretical justifications,
     that multiple PBAs are present within a global attractor.
•  Moreover, preliminary numerical results suggest that the basin boundaries
     between two attractors are fractal.

Pierini, Ghil & Chekroun
   (J. Climate, 2016)
 

Measure of divergence of trajectories for each initial point in the (ψ1, ψ3)-plane in the
remote past: blue
indicates stability;
parameter values
(left) and (right) are 
the same as in the 
previous figure.



The dynamics on a deterministic 
attractor can be compactly 
described as the limit of a semi-
flow on a branched manifold (BM). 
The topological description of the 
BM or template encodes the 
invariant structure of the attractor 
in phase space. Reconstructing a 
BM from data amounts to (1) 
approximating a cloud of points in 
phase space by Euclidean closed 
sets; and (2) forming a cell 
complex in the sense defined in 
algebraic topology. The BM can be 
identified through the homology 
groups and the orientability chains 
associated to the cell complex 
(Sciamarella & Mindlin (PRL, 
1999; PRE, 20010).

This work examines the 
topological structure of the 
snapshots that 
approximate the global 
random attractor 
associated with the 
stochastically perturbed 
Lorenz (1963) model. It is 
shown that — within the 
framework of random 
dynamical systems — the 
BM identification approach 
used to characterize the 
topological structure of 
deterministic chaotic flows 
from (noisy) time series 
can be extended to 
nonlinear noise-driven 
systems. 

State-space topology
Joint work with G. Charó, M. Chekroun & D. Sciamarella
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Concluding remarks – RDSs and RAs

Summary
• A change of paradigm from closed, autonomous systems

to open, non-autonomous ones.
• Random attractors are (i) spectacular, (ii) useful, and 

(iii) just starting to be explored for climate applications.

Work in progress
• Study the effect of specific stochastic parametrizations 

on model robustness.
• Applications to intermediate models and GCMs.
• Implications for climate sensitivity.
• Implications for predictability?
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Nature is not deterministic or stochastic:

It depends on what we can, need & want to know 
— more or less detail, with greater or lesser accuracy —

larger scales more accurately, 
smaller scales less so

But we need both, deterministic and stochastic descriptions.
Knowing how to combine them is necessary, as well as FUN!



Concluding remarks 
What do we know?
•  Oceanic variability extends over many scales of motion, in time & space.
•  The climate system is open, & affected by time-dependent forcing, 
     both deterministic & stochastic.
•  There is a nice general framework for including time-dependent forcing.

What do we know less well?
•    How does the climate system really work?
•    Is it the tail that wags the dog — 

i.e., weather noise that drives a passive ocean?
•  Or does the dog bite its tail –

i.e., coupled O–A modes of decadal variability?
•  Or does the old dog ocean plain wag its tail, the atmosphere?

What to do?
•     Work the model hierarchy, and the observations!
•     Explore further non-autonomous and randomly driven models,
     on the way to fully coupled ones.
 
 



What do we know?!
•  Itʼs getting warmer."
•  We do contribute to it."
•  So we should act as best we know and can!"

What do we know less well?!
•     By how much?"

  – Is it getting warmer …"
  – Do we contribute to it …"

•     How does the climate system (atmosphere, ocean, ice, etc.) really work?"
•     How does natural variability interact with anthropogenic forcing?"




