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ABSTRACT

The ocean’s overturning circulation is inherently three-dimensional, yet modern quantitative esti-
mates of the overturning typically represent the sub-surface circulation as a two-dimensional, two-cell
streamfunction that varies with latitude and depth only. This approach suppresses information about
zonal mass and tracer transport. In this article the authors extend earlier zonally-averaged over-
turning theory to explore the dynamics of a “figure-of-eight” circulation that cycles through multiple
basins.
A three-dimensional residual-mean model of the overturning circulation is derived, then simplified
to a multi-basin isopycnal box model to explore how stratification and diabatic water mass trans-
formations in each basin depend on the basin widths and on deep and bottom water formation in
both hemispheres. The idealization to multiple, two-dimensional basins permits zonal mass trans-
port along isopycnals in a Southern Ocean-like channel, while retaining the dynamical framework
of residual-mean theory. The model qualitatively reproduces the deeper isopycnal surfaces in the
Pacific basin relative to the Atlantic. This supports a transfer of Antarctic Bottom Water from
the Atlantic sector to the Pacific sector via the Southern Ocean, which subsequently upwells in the
northern Pacific basin. A solution for the full isopycnal structure in the Southern Ocean reproduces
observed stratification differences between Atlantic and Pacific basins and provides a scaling for the
diffusive boundary layer in which the zonal mass transport occurs. These results are consistent with
observational indications that North Atlantic Deep Water is preferentially transformed into Antarc-
tic Bottom Water, which undermines the importance of an adiabatic, upper overturning cell in the
modern ocean.

1. Introduction

The earliest schematics of the global ocean circulation
(e.g. Broecker 1991) emphasized the three-dimensional na-
ture of the overturning’s closure with sinking in the North
Atlantic and upwelling in the Pacific. This picture hinges
on the zonally-unbounded regions of the Southern Ocean
enabling exchange between the ocean basins via the Antarc-
tic Circumpolar Current (ACC). The formation of Antarc-
tic Bottom Water (AABW), and thus the potential for mul-
tiple overturning cells, was often excluded in these early
schematics. More recent quantitative estimates of the over-
turning circulation (OC), from both observations and mod-
els, represent the OC as a streamfunction that varies with
latitude and either depth or density (Speer et al. 2000;
Lumpkin and Speer 2007). This depiction hides informa-
tion about zonal components of ocean transport as well as
zonal variations in stratification and meridional transport.

These analyses typically present the ocean’s overturning
circulation as two closed cells, one associated with the for-
mation of North Atlantic Deep Water (NADW) and the
other with the formation of AABW.

Recently, Talley (2013) has argued, based on observed
water mass distributions, that this two-cell structure is a
consequence of collapsing the three-dimensional ocean cir-
culation on to a two-dimensional streamfunction. To illus-
trate this point, in Fig. 1 we present the zonally-averaged
dissolved oxygen distribution and selected neutral density
contours in the Atlantic and Pacific sectors. This high-
lights asymmetries between the major ocean basins, most
notably the export of NADW from the North Atlantic and
the deeper isopycnal surfaces in the Pacific sector. Fer-
rari et al. (2014) argue that in the present day, the ocean’s
overturning circulation is better described by a single con-
tinuous loop, as shown schematically in Fig. 2. A single
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Fig. 1. Asymmetry in the zonal-mean stratification and major water mass export between (a) the Atlantic (60◦W–
10◦W) and (b) the Pacific (170◦W–100◦W). Colors show dissolved oxygen in ml/l. Black contours show the neutral
density surfaces γn = 26.5 kg m−3, 27.7 kg m−3, 27.9 kg m−3 and 28.16 kg m−3, which approximately separate the major
water masses. White arrows indicate the export of Antarctic Intermediate Water (AAIW), North Atlantic Deep Water
(NADW) and Antarctic Bottom Water (AABW) in each basin.

overturning loop requires exchange between a diffusively-
dominated Pacific basin and an Atlantic basin that is hy-
pothesized to have closed adiabatic circulation pathways
when isopycnals outcrop in both hemispheres. The focus
of this study is a dynamical assessment of constraints on
basin-mean transport and stratification as well as the dia-
batic closure of a three-dimensional circulation.

The distinction between an adiabatic OC, in which sig-
nificant water mass modification occurs only in the high-
latitude surface ocean, and a diffusive OC, closed by in-
terior diapycnal mixing, has been addressed by highlight-
ing the unique properties of a periodic Southern Ocean
(Marshall and Radko 2003). Southern Ocean wind-forcing
permits a mechanically-controlled OC that is thermally-
indirect (Wolfe and Cessi 2010, 2014) when density sur-
faces outcrop in both northern and southern hemisphere
high latitudes and interior diapycnal mixing is weak. In
this regime, the strength of the OC is controlled by the
magnitude of the wind stress over the ACC, the strength
of eddy activity in the ACC region and surface buoyancy
forcing over the Southern Ocean. This has motivated a
host of eddy-resolving “sector” models with a circumpolar
channel appended to diffusive northern basins, intended to
represent an upper cell of the OC (Wolfe and Cessi 2010;
Morrison et al. 2011; Munday et al. 2013; Morrison and
Hogg 2013).

In more idealized settings, Gnanadesikan (1999), Radko

and Kamenkovich (2011) and Nikurashin and Vallis (2011,
2012) have sought to combine the classic abyssal recipes
(Munk 1966) paradigm of the OC to adiabatic upwelling
in the Southern Ocean by linking a periodic channel with
a diffusively-controlled northern basin. Eddy variability
is included in such models through a residual-mean ap-
proach (Marshall and Radko 2003) that parameterizes eddy
transport based on circumpolar -averaged properties of the
ACC channel. However, the ACC supports dynamically-
significant zonal variations in meridional density structure
(Naveira Garabato et al. 2014; Thompson and Garabato
2014), meridional transport (Naveira Garabato et al. 2011;
Thompson and Sallée 2012; Dufour et al. 2015) and sub-
duction from the mixed layer (Sallée et al. 2012). This
zonal asymmetry is, in part, linked to the differing water
mass distributions in the northern basins, e.g. the presence
of NADW in the Atlantic.

While residual-mean theory emphasizes the importance
of interior eddy fluxes in the ACC, this interior circulation
must also be consistent (in steady state) with surface water
mass modification mediated by surface buoyancy forcing.
Available air-sea buoyancy flux products (Large and Yea-
ger 2009; Cerovečki et al. 2011) show large-scale, zonally-
asymmetric patterns with buoyancy gain in the Atlantic
and Indian Oceans, (outside of the Agulhas Retroflection),
and weaker buoyancy fluxes (both positive and negative)
in the Pacific. Tamsitt et al. (2015) have analyzed the sur-
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Fig. 2. (Left) Schematic of the meridional overturning circulation in depth-latitude space. The green and blue curves
are typically viewed as distinct overturning cells associated with North Atlantic Deep Water formation and Antarctic
Bottom Water formation, respectively. (Right) Idealized three-dimensional schematic of the overturning circulation
following Talley (2013). Here the overturning cycles through both Atlantic and Pacific basins, either through the Antarctic
Circumpolar Current or the Indonesian Throughflow, before closing. Rather than two distinct cells, the overturning more
closely approximates a single figure-of-eight loop.

face heat budget in the SOSE (Southern Ocean State Es-
timate) model and showed that topographic steering and
zonal asymmetry in air-sea exchange leads to even more
dramatic zonal variability in the surface heat flux. In one
of the only studies to address the dynamics of this zonal
structure, Radko and Marshall (2006) introduced a per-
turbation with mode-1 zonal wavenumber to the zonally-
averaged properties of the ACC. This resulted in an in-
tensification of the overturning where the buoyancy gain is
stronger. However, this model did not address the inter-
action between the Southern Ocean and northern basins.
Recently, Jones and Cessi (2016) presented a two-layer,
two-basin extension of Gnanadesikan (1999) that shows the
three-dimensional circulation of an upper overturning cell.
This model did not include AABW or explicitly discuss the
closure of the overturning due to diabatic processes in the
Southern Ocean.

This study seeks to bridge the gap between idealized
two-dimensional, residual-mean treatments of the OC and
complex, fully three-dimensional models. To accomplish
this we extend the two-dimensional residual-mean model
to three dimensions. We focus on a particular idealization
of this model with two separate, two-dimensional basins
that can exchange properties through the ACC or through
the Indonesian Throughflow (ITF), as discussed in §2 and
Appendix A. Even in two dimensions, analyzing and inter-
preting the three-dimensional OC is challenging, so we per-

form most of our analysis using an isopycnal “box model”
simplification of the multi-basin residual-mean equations,
derived in §3. In §4 we use this model to explore how
inter-basin differences in stratification and surface buoy-
ancy forcing are connected via a “figure-of-eight” OC. In §5
we show that a more thorough treatment of ACC isopycnals
can more quantitatively explain the observed differences in
stratification across the Atlantic and Pacific basins. Dis-
cussion and conclusions are provided in §6 and §7.

2. Three-dimensional residual-mean model overview

This section provides a non-technical introduction to
and overview of the three-dimensional residual-mean model.
An essential feature of the three-dimensional overturning
sketched in Fig. 2 is a connection between basins via the
ACC. Zonal flow from one sector of the ACC to another can
produce a convergence or a divergence of mass within each
density class, which must be compensated by the merid-
ional circulation in each sector. Zonal transport can also
occur via a combination of the ITF and the Agulhas leak-
age, although this exchange is limited to near-surface den-
sity classes. Our objective is to derive a physically-based
conceptual model that can accommodate these features.

We adapt two-dimensional residual mean theory, which
has been influential in documenting the importance of isopy-
cnal upwelling in the Southern Ocean (Toggweiler and Samuels
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1995; Marshall and Radko 2003; Marshall and Speer 2012),
to multiple basins. In the absence of diabatic effects, buoy-
ancy is materially conserved and thus the circulation is
adiabatic. In developing a multi-basin model of the over-
turning circulation it is therefore most convenient to use
isopycnal coordinates, which allows mass transferred from
one basin to another to remain in the same density class.
Below, we derive our multi-basin residual-mean model by
averaging along each sector of the ACC in isopycnal coor-
dinates1.

Our starting point is the three-dimensional residual-
mean buoyancy equation (Marshall and Radko 2006),

∂b

∂t
+ Jx(ψ(x), b) + Jy(ψ(y), b) =

∂

∂z

(
κ
∂b

∂z

)
+
∂B

∂z
, (1)

where bars indicate an average in time. Here κ is a verti-
cal diffusion coefficient that parametrizes diapycnal mixing
due to internal wave breaking in the ocean interior. The
Jacobians are defined as Jx(p, q) ≡ pxqz − qxpz, Jy(p, q) ≡
pyqz − qypz. Buoyancy forcing at the ocean surface is rep-
resented as a downward flux denoted as B. The mean
buoyancy is advected by a vector residual streamfunction
ψ =

(
ψ(x), ψ(y)

)
, from which the three-dimensional resid-

ual velocity u† can be reconstructed via

u† = −∂ψ
(x)

∂z
, v† = −∂ψ

(y)

∂z
, w† =

∂ψ(x)

∂x
+
∂ψ(y)

∂y
.

(2)
Appendix A provides a derivation of the transformation of
(1) into isopycnal coordinates; (A6) is reproduced here:

∂z

∂t
− ∂ψ(x)

∂x

∣∣∣∣
b

− ∂ψ(y)

∂y

∣∣∣∣
b

= − ∂

∂b

(
κ

(
∂z

∂b

)−1

+B

)
. (3)

This equation describes the evolution of the depth z of a
given mean density surface b. The subscript b indicates
that horizontal derivatives of the streamfunction should be
taken at constant b. Conceptually, this equation states that
the rate of change of the mean isopycnal depth is equal to
the component of the residual velocity normal to the mean
isopycnal surface, unless diabatic effects (on the right-hand
side) are present to permit a diapycnal residual flux. For
an adiabatic interior and for steady state, (3) simplifies to

∂ψ(x)

∂x

∣∣∣∣
b

+
∂ψ(y)

∂y

∣∣∣∣
b

= 0 . (4)

This states that in the steady adiabatic limit, the hori-
zontal convergence of mass below a given isopycnal must
vanish.

1Numerical discretizations of the residual-mean equations tend to
be posed in z-coordinates (e.g. Nikurashin and Vallis 2011, 2012;
Stewart and Thompson 2013; Stewart et al. 2014). We choose isopy-
cnal coordinates as the most natural framework, but similar equations
may be derived using zonal averaging at fixed depth.

Even in isopycnal coordinates, (3) and (4) are diffi-
cult to solve in general because they are still fully three-
dimensional equations. To simplify our analysis, we as-
sume that within each sector of the ACC, the isopycnal
depths are approximately uniform in the along-stream di-
rection, with abrupt changes in the density structure in
narrow zonal regions that separate different sectors of the
ACC. Thompson and Garabato (2014) have argued that
modifications to the density structure in the ACC occur
rapidly across topographic features, where standing me-
anders generate strong mean flows and large eddy kinetic
energy downstream. In Fig. 3 we show that the γ = 27.9
kg m−3 neutral density surface, identified by Ferrari et al.
(2014) as the isopycnal separating the “upper” and “lower”
branches of the OC in the ACC, does indeed exhibit abrupt
changes in depth across the ACC’s major topographic fea-
tures. The climatological isopycnal depth (z27.9), shown in
panel (a), was mapped to an along-stream coordinate sys-
tem defined by the Sub-Antarctic Front (SAF), Polar Front
(PF) and Southern ACC Front (SACCF) from Orsi et al.
(1995). At each longitude, we defined a modified latitudi-
nal coordinate system centered on the PF, with latitudes
to the north (south) of the PF rescaled by the half-width
of the ACC, defined as the distance between the PF and
the SAF (SACCF). Panel (b) was constructed by averag-
ing z27.9 latitudinally within three half-widths to the north
and south of the PF at each longitude. Panel (c) was cre-
ated by taking a streamwise average of several isopycnal
depths in the Atlantic sector (red curve) and in the Indian,
western Pacific and eastern Pacific sectors (blue curve).

Motivated by the approximate along-stream invariance
of the isopycnal depths away from major topographic fea-
tures, in Apppendix A we show that averaging (3) along
a zonal sector of the ACC leads to the following evolution
equation for the sector-averaged isopycnal depth,

∂zi
∂t
− 1

Li
(Ψi −Ψi−1)− ∂ψi

∂y
= − ∂

∂b

(
κi

(
∂zi
∂b

)−1

+Bi

)
.

(5)
Here different ACC sectors are distinguished by subscripts

i with zonal extent Li, for example i = 1, . . . , N for N
ACC sectors, and i− 1 identifies the sector to the west of
sector i. For a complete description of the notation, the
reader is referred to Appendix A. Equation (5) is similar
to that derived by Su et al. (2014) to describe isopycnal
height fluctuations in the Weddell Gyre. However, there is
an additional contribution on the left-hand side due to the
zonal flow into and out of the sector, quantified by the zonal
transport streamfunction carrying flow out of the sector to
the east (Ψi) and carrying flow in from the west (Ψi−1).
This allows zonal convergence/divergence of mass above
and below the isopycnal to change the isopycnal depth.

In the following section we build this representation of
the overturning, constructed for the zonally-periodic ACC,
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Fig. 3. (a) Climatological depth of the γ = 27.9 kg m−3 isopycnal surface (z27.9) from Gouretski and Koltermann (2004).
The solid black lines indicate the positions of the Sub-Antarctic Front (SAF), Polar Front (PF) and Southern ACC Front
(SACCF) from Orsi et al. (1995), adjusted to be single-valued functions of longitude. The dashed lines highlight the
separation of the Atlantic, Indian and Pacific sectors of the ACC by topographic features. (b) Cross-stream-averaged
depth of the same isopycnal surface as a function of longitude, with the cross- and along-stream-averaged depth in
each basin indicated by dotted lines and text. (c) Along-stream-averaged depths of several neutral density surfaces in
the Atlantic and Indo-Pacific sectors, presented as a function of a pseudo-latitudinal coordinate constructed from the
zonal-mean positions of the SAF, PF and SACCF. Further details are provided in §2.

into a global, two-basin isopycnal box model with several
density layers. This model employs a simplified treatment
of the isopycnals in the ACC, approximating them as linear
slopes. A more careful treatment of the isopycnal struc-
ture appears in §5. The circulation and stratification in
each basin are described by zonally-averaged transports
and buoyancy distributions. We use the box model to il-
lustrate the “figure-of-eight” nature of the modern OC and
its sensitivity to external parameters and forcing.

3. A residual-mean box model of the global over-
turning circulation

We begin our exploration of the three-dimensional residual-
mean model by applying a coarse discretization of (5) in the

ACC and coupling it to diabatic processes that allow a full
closure of the OC. The natural limit of this approach is an
isopycnal box model. Diabatic processes include buoyancy
forcing at the surface of the ACC and a diffusive upwelling
in basins north of the ACC. High latitude deep and bot-
tom water formation rates are prescribed for simplicity. We
show that a consequence of the three-dimensional nature
of the circulation is that the stratification differs between
ocean basins.

The discussion is framed in terms of exchanges between
Atlantic and Pacific basins. However, references to the
“Pacific” should be interpreted loosely as pertaining to the
entire Indo-Pacific sector, as similar processes support the
upwelling and southward return flow of AABW in the In-
dian and Pacific basins (Talley 2013). The box model is
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also easily extended to include more than two basins.
This box model has commonalities with those derived

by Gnanadesikan (1999), Shakespeare and Hogg (2012),
Goodwin (2012) and Jones and Cessi (2016), which solve
for the volume of different sub-surface density classes that
are dynamically linked to the circulation. In concept, the
box model presented here is closest to Goodwin (2012),
although it distinguishes between dynamics in the Pacific
and Atlantic basins and emphasizes the role of the ACC
in allowing zonal convergence of mass in each sector. We
first present the relationships that define the box model
based on meridional, zonal and diabatic transports. The
definition of these transports in terms of the model diagnos-
tics are largely based on parameterizations used in previous
studies; the key addition is an expression for the zonal mass
transport between the Atlantic and Pacific sectors.

Consider a model with two basins, i = A,P , and four
density layers, N = 4 (see Fig. 4). A model with four layers
can accommodate traditional “lower” and “upper” cells.
Each layer interface is assigned an index n = 0, 1, 2, ..., N ,
where n = 0 and n = N represent the surface and the
flat ocean bottom, respectively. The nth density class is
bounded by interface n − 1 and n. Each density layer is
partitioned, meridionally, into a northern diffusive basin
(y > 0) and a region spanning the ACC (−` < y < 0). The
depth H of the ocean is fixed. The model solves for the
depth of each layer interface in the basin region, zn, with
0 < zn < −H. The model also solves for the meridional
position of the interface outcrop location in the ACC, yn,
with −` < yn < 0. In this section, we consider a simplified
system that captures the key aspects of a three-dimensional
overturning. Thus, we impose uniform isopycnal slopes s
in the ACC, which are determined from sn = zn/yn; in
section 5 we examine more realistic isopycnal distributions.
For each interface, we impose the same slope in the Atlantic
and Pacific basins, sA,n = sP,n = sn. For each layer, there
are three unknowns: zA,n, yA,n and zP,n. Then, yP,n is
determined from sn.

In the following subsections we make further approxi-
mations to the isopycnal residual-mean equation (5) to de-
rive a box model representation of the OC. As a preface, we
note that even in a box model formulation, representing the
terms in (5) can be quite involved. The zonal streamfunc-
tion Ψi depends in general on the baroclinic structure of
the ACC, which becomes more straightforward under our
assumption of linear isopycnals. The meridional stream-
function ψi is in general decomposed in to Ekman, eddy
and geostrophic components (see Appendix A); in general
the latter requires that the model be able to represent the
hydrostatic pressure. To avoid this level of complexity, we
assume steady adiabatic flow in the ACC. Under this as-
sumption, (5) may be integrated meridionally along any

isopycnal to obtain

Li

[
ψ
]0
yi,n

+

∫ 0

yi,n

Ψi dy −
∫ 0

y(i−1),n

Ψi−1 dy = 0 , (6)

for i = A,P . That is, the meridional overturning set by
surface processes (at y = yi,n) and in the northern basin
(at y = 0) must match, unless there is a net zonal con-
vergence/divergence above that isopycnal. As these terms
can be determined from surface buoyancy forcing, diapyc-
nal mixing and the ACC stratification, the actual mecha-
nism of meridional transport (e.g. eddy thickness fluxes or
geostrophic flow) has no bearing on the mass balance for
the box. We do, however, require that the circumpolar-
mean meridional transport TACC be supported by eddy
thickness fluxes,

1

LA + LP

∑

i=A,P

Li

[
ψi

]0
yin

=
1

LA + LP

n∑

i=1

TACC
i = Ksn ,

(7)
consistent with previous theory (Marshall and Radko 2003),
where K is the isopycnal eddy (thickness) diffusivity. This
approach allows us to circumvent the distinction between
eddy thickness fluxes and meridional geostrophic flows within
each sector of the ACC.

a. Box approximation of the residual-mean equations

To formalize our isopycnal box model, we first apply
equations (6) and (7) on adjacent isopycnal surfaces to ex-
press mass conservation within each of the ACC’s isopycnal
boxes (see Fig. 4),

[(
Tκn − Tκn−1

)
+
(
Tmln − Tmln−1

)
+ Sn

]
A

= −χn , (8)
[(
Tκn − Tκn−1

)
+
(
Tmln − Tmln−1

)
+ Sn

]
P

= χn , (9)
∑

i=A,P

(
Tκi,n − Tκi,n−1

)
+ SNADW

A,n = −TACC
n .(10)

The diabatic transports Tκ and Tml, defined below, rep-
resent diffusive upwelling in the northern basins and sur-
face water mass transformation, respectively. The χ terms
measure the net zonal convergence of mass between basins,
which is typically much smaller than the zonal transport in
a given isopycnal layer. The sign convention is that positive
χ represents a convergence from the Pacific to the Atlantic.
The S terms are sources (S > 0) and sinks (S < 0) related
to high-latitude deep and bottom water formation (TNADW

and TAABW in Fig. 4), and TACC is isopycnal meridional
transport in the ACC. We take high-latitude dense water
formation rates to be external parameters of the model,
both for simplicity and because it is difficult to achieve
large buoyancy fluxes using a relaxation boundary condi-
tion without introducing ad hoc buoyancy distributions b̂
that have large anomalies near the domain boundaries.
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Fig. 4. Schematic of the Atlantic basin for a multi-basin, four-layer, isopycnal box model. The ACC sector spans
−` < y < 0. Colored arrows indicate mass transports T described in the text; the legend below provides the equation
number in the text that defines the transports in terms of model diagnostics. Bottom and deep water formation rates
TAABW and TNADW are external parameters. Surface buoyancy forcing in the ACC arises from relaxation to a prescribed
meridional buoyancy profile b̂(y) (15). Zonal convergence of mass χ may occur in each layer of the ACC sector of the
model; zonal transport via the Indonesian Througflow T ITF occurs in the uppermost layer.

In a single-basin, or circumpolarly-averaged, residual-
mean model, the ACC may host an arbitrary zonal trans-
port. With multiple basins, however, zonal mass conver-
gence, χ, is permitted in each density layer that enters the
ACC, as long as the depth-integrated zonal mass transport
is non-divergent. Thus, the zonal transport is no longer ar-
bitrary and additional constraints must be imposed on the
system. Zonal mass conservation may be expressed as,

∑

n

χ+ T ITF = 0, (11)

where (11) includes the contribution from zonal transport
through the ITF (section 3d)2. We also satisfy a simplified
momentum budget, ostensibly arising from bottom friction,
by constraining the barotropic velocities using:

LAU
BT
A + LPU

BT
P = (LA + LP )UBT , (12)

where LA and LP are the zonal width of each sector. The
mean barotropic velocity UBT is a prescribed external pa-
rameter, but UBTA and UBTP are components of the model
solution.

2In equations (8) and (9), T ITF is dropped for the simplicity of
the model development, however this term is included for n = 1 in
our model solutions.

Deep water formation in the Atlantic basin is included
in our model through the external parameter TNADW, which
is a transfer of mass from a lighter density layer into a heav-
ier density layer (from bA,1 to bA,3 in Fig. 4). A limitation
of this model is that the density classes from which NADW
is removed and injected are fixed. More complicated pa-
rameterizations could be applied, especially with a view to-
wards identifying transitions in the overturning structure.
For model configurations with an explicit AABW layer (the
lowermost density class), bottom water production can also
be included. In these cases, the outcrop position of the low-
ermost interface is pinned to the southern boundary of the
domain, e.g. yN−1 = −`, and Tmli,N−1 = TAABW

i , where
i = A,P . The partitioning of deep water formation be-
tween Atlantic and Pacific basins is prescribed. Equations
(8) - (12) are solved simultaneously to arrive at the steady-
state stratification and overturning. The remainder of this
section provides the expressions defining the T ’s and χ’s;
model solutions are presented in section 4.

b. Diffusive upwelling

In the northern basins, vertical transport between den-
sity classes is controlled by the imposed diapyncal diffu-
sivity and the vertical buoyancy distribution. Adapting
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the relationship derived in equation (2.12) of Nikurashin
and Vallis (2011) to a model with a small number of den-
sity classes, we apply the following scaling for the diffusive
transport:

Tκi,n = −κLiLy
zn

, (13)

where Li is the zonal width of the sector and Ly is the
meridional length of the basin. Positive Tκ corresponds to
an upward transport.

The diapyncal diffusivity, κ, may have vertical struc-
ture, in which case (13) employs the value κ (zn). In section
4 we use the form,

κ(z) = κ0 −∆κ tanh

(
z − dκ
`κ

)
, (14)

where κ0, ∆κ, dκ and `κ are constants describing a refer-
ence diffusivity, the diffusivity range, a diffusivity transi-
tion depth and a vertical length scale associated with this
transition. This vertical structure provides an idealized
representation of the relatively weak diapycnal mixing rates
in the upper ∼ 2000 m of the ocean (Bryan and Lewis 1979;
Ledwell et al. 1993). We assume constant Li and Ly in
each zonal sector, whereas in the ocean the horizontal sur-
face area varies with depth; this hypsometric effect could
be incorporated, but is neglected here for simplicity.

c. ACC water mass modification and meridional transport

The ACC boxes of the model are adiabatic, so trans-
formation only occurs where layer interfaces outcrop at the
surface. There are various ways of introducing buoyancy
forcing at the outcrop position in the surface Southern
Ocean (Stewart et al. 2014). Here the buoyancy flux B,
defined at each isopycnal outcrop position and integrated
from the base of the mixed layer z = −hm to the surface,
is calculated based on restoring to a prescribed meridional
buoyancy distribution b̂(y):

Bi,n =
hm
τr

(
b̂(yi,n)− b∗n

)
, (15)

where τr is the relaxation time scale and b̂ = b0 cos (πy/`)
is taken to be zonally uniform, but could be defined sepa-
rately for each zonal sector. The transformation occurs at
the outcrop position with b∗n = (bn + bn+1) /2, the buoy-
ancy associated with the interface.

Following Marshall and Radko (2003), the transport
streamfunction at the base of the mixed layer in the ACC
channel is given byB/∂ybs, where ∂ybs is the surface merid-
ional buoyancy gradient. With a small number of den-
sity layers, ∂ybs is approximated by ∆b/`ml, where ∆bn =
bn − bn+1 and `mli,n = (yi,n−1 − yi,n+1) /2. The overturning
transport in the mixed layer is then given by

Tmli,n =
Bi,n`

ml
i,nLi

∆bn
. (16)

Positive Tml represents a conversion of denser water to
lighter water and an equatorward transport; for Tml < 0,
the transport is poleward.

Closure of the box model also requires a parameteri-
zation of the meridional transport in the ACC. The slope
of each interface is determined as part of the solution, al-
lowing the residual transport to accommodate the diapyc-
nal upwelling in the northern basins. Our scaling for the
meridional transport follows the residual-mean theory of
Marshall and Radko (2003) and Marshall and Speer (2012):
meridional transport is down the isopycnal thickness gradi-
ent in a circumpolarly-averaged sense. The meridional layer
thickness gradient is equivalent to a difference in isopycnal
slope between the upper and lower bounding surfaces of the
isopycnal layer. Thus, we define the total ACC transport
as

TACC
n = −K (LA + LP ) ∆sn, (17)

∆sn = sn−1−sn (see also (7) and (A12)). In this model, we
set the surface slope, s0, and the bottom slope, sN , to be
consistent with a fully-compensated residual streamfunc-
tion (ψ = 0), which implies s0 = sN = τ/ (ρ0fL), where τ
is the surface wind stress.3 Because TACC and s represent
net circumpolar characteristics, the meridional transport
does not necessarily follow a down-gradient thickness flux
in each ACC sector, as discussed in section 6.

d. Zonal transport

The zonal transport is composed of both barotropic and
baroclinic parts. The baroclinic velocities can be defined
in terms of the model parameters and sn. We assume that
the zonal velocity in the lowermost density layer is due to
the barotropic component alone, and

UBCn =
∆bn
f

sn, UBCN ≡ 0. (18)

With these relationships, the transport convergence in each
layer is given by the difference in the zonal transport be-
tween the two basins:

χn =

(
UBTP +

N−1∑

k=n

UBCk

)
APn−

(
UBTA +

N−1∑

k=n

UBCk

)
AAn,

(19)
where the valuesAi,n refer to the area in the depth-meridional
plane of the nth density class in the ith zonal sector.

A final component of the model is the important role
of the ITF, which provides an alternative pathway for the
zonal transport of mass. We assume that zonal transport
across the shallow sill of the ITF arises from a balance
between a zonal pressure gradient and friction. Thus we

3Setting surface and bottom slopes equal to zero does not qualita-
tively change the solution. Setting the same slope at the ocean surface
and bottom results in zero depth-averaged lateral ACC transport, as-
suming K has no depth dependence.
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parameterize the zonal transport based on the thickness of
the upper-most density layers,

T ITF = CITF (zA1 − zP1) , (20)

where CITF is a constant with units of m2 s−1 that is re-
lated to the geometry of the ITF and frictional parameters.
This relationship assumes that the baroclinic compensa-
tion of the pressure gradient arising from sea surface height
anomalies occurs at the depth of the first density interface.
This is a rather crude approximation, however, Wyrtki
(1987) and Sprintall and Révelard (2014), amongst oth-
ers, have found a strong correlation between SSH anoma-
lies and the strength of the ITF transport. We select CITF

equal to 5 × 105 m2 s−1 because this produces a realistic
ITF strength for a isopycnal depth difference on the order
of 10 m, but the solutions are not qualitatively sensitive to
CITF as long as its magnitude is of O(105 m2 s−1).

4. The three-dimensional overturning circulation

a. Two-layer model

To build intuition about the box model, we first con-
sider a two-basin, two-layer scenario (Fig. 5). AABW is
not included, TAABW

A,P = 0, and the diapycnal diffusivity is

constant, κ = 1 × 10−4 m2 s−1. If the basins are zonally-
symmetric, i.e. there is no NADW formation and the basin
widths are the same, the OC consists of a diffusive up-
welling and a transformation to the denser buoyancy class
in the Southern Ocean mixed layer (Fig. 5a). As NADW
formation and asymmetric basin widths are introduced,
LA/LP = 0.3, a more complex OC develops (Fig. 5b,c).
Water mass modification in the mixed layer of the South-
ern Ocean develops opposite signs in the different basins—
water becomes lighter in the Atlantic basin (equatorward
transport) and denser in the Pacific basin (poleward trans-
port). The Pacific can support a larger diffusive upwelling
because of its larger width. Thus nearly 4 of the 12 Sv that
downwell as NADW in the Atlantic are transported zonally
to the Pacific through the ACC. The zonal convergence in
the upper layer, from the Pacific to the Atlantic, is accom-
plished by having a deeper upper layer in the Pacific as
compared to the Atlantic. Thus, even in the simplest ver-
sion of the box model, the differing stratification between
the basins is dynamically linked to a transfer of deep and
bottom waters from the Atlantic to the Pacific and its re-
turn in lighter density classes. This result is consistent with
Jones and Cessi (2016).

The right-hand panels of Fig. 5 show the dependence of
the upper layer thickness difference (zA − zP ), the isopyc-
nal slope of the ACC (s) and the transports (T ) to changes
in NADW production. Allowing the outcrop position y1

to be a component of the solution illustrates the link be-
tween high latitude processes in both hemispheres. As the
strength of NADW production intensifies, z1 shoals in both

Table 1. Box model parameters for the solutions discussed
in §4. For the two layer example (Fig. 5), ∆κ, dκ and `κ
are set to zero. The parameters bj below only apply to the
four-layer experiment.

Parameter Value Description

Ly 10× 106 m Meridional basin length
` 2× 106 m Meridional ACC length
LA 3× 106 m Atlantic basin width
LP 10× 106 m Pacific bains width
H 4000 m Ocean depth
f 1× 10−4 s−1 Coriolis frequency
ρ0 1000 kg/m3 Reference density
b0 6× 10−3 m s−2 Buoyancy range
b1, b2, b3, b4 b0 ×

(
1,− 1

3 ,− 3
4 ,−1

)
Layer densities
(Four layer model)

K 1× 103 m2 s−1 ACC isopycnal diffusivity
hm 150 m Mixed layer depth
τr 1.3× 106 s Mixed layer

relaxation scale
UBT 0.02 m s−1 Bottom velocity
κ0 1× 10−4 m2 s−1 Reference diapycnal

diffusivity
∆κ 5× 10−5 m2 s−1 κ range
dκ 1800 m κ transition depth
`κ 700 m κ scale depth
CITF 5× 105 m2 s−1 Indonesian Throughflow

parameter

sectors to generate a larger diffusive flux. This leads to
a shallower slope across the ACC that reduces the mean
meridional ACC transport TACC (Fig. 5e). This then re-
quires a larger zonal exchange between the two basins to
accommodate the modified water mass transformation in
the Southern Ocean mixed layer. As the zonal transport
increases, the difference in stratification becomes larger as
well. In this two-layer model χ reaches a maximum of 5
Sv for TNADW = 20 Sv (Fig. 5f); zonal exchange becomes
a larger percentage of TNADW for a greater number of lay-
ers, as shown below. In panel (d), the difference in interface
depth is roughly 50 to 100 m. This value is smaller than
the observed difference in isopycnal heights across basins.
However, we show in §5 that this discrepancy can be ex-
plained by our assumption of a constant slope across the
ACC.
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Fig. 5. Summary of a two-layer box model using parameters in Table 1. (a) Depth of the density interface for a symmetric
case with TNADW = 0. Asymmetry in basin widths and NADW production modifies the transport and stratification in
each basin; an example is provided in panels (b) and (c). (d) Sensitivity of the difference in interface depth zA1 − zP1

(yellow) and ACC isopycnal slope s (orange) to NADW production. (e) Transport sensitivity to NADW production;
transport definitions are provided in section 3. The dashed line in panels (d) and (e) correspond to panels (b) and (c).
In all experiments the ocean depth was 3000 m.

b. Four-layer model

To represent all of the major water masses that par-
ticipate in the OC, a model with at least four layers is
required. An example solution with a four-layer stratifica-
tion is shown in Fig. 6. From top to bottom the layers can
be thought of as Intermediate Water, Upper Circumpo-
lar Deep Water (UCDW), Lower Circumpolar Deep Wa-
ter (LCDW) or NADW, and AABW. We prescribe that
the formation of AABW occurs exclusively in the Atlantic
basin. The outcropping y3 is fixed at the southern bound-
ary in each basin, but y1 and y2 are part of the model
solution. In this solution, the interface separating LCDW
from AABW is about 150 m deeper in the Pacific than the

Atlantic.
The key result of Fig. 6 is the zonal transport of 11.5 Sv,

from the Atlantic to the Pacific in the lowermost density
class. This accounts for approximately 75% of the down-
welled NADW. Additionally, the return flow to the lightest
density class in the Atlantic, or the site of NADW forma-
tion, is partitioned between three components: diffusive
upwelling (2.3 Sv), formation of Intermediate Water (7.2
Sv) and transport through the ITF (5.5 Sv). The contri-
bution from the ITF is remarkably strong and is a robust
feature of the model for realistic parameters. The ITF pro-
vides a pathway of zonal exchange for the lightest density
classes. This pathway may be favored due to the difficulty
in generating zonal convergence in the ACC in shallow lay-
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ers that have a relatively small areal extent. In general, χ1

and χ2 tend to be much smaller than χ3 and χ4 in these
solutions.

The sensitivity of the four-layer model to changes in
the strength of NADW formation (Fig. 7a,b) has similar-
ities to the two layer model results in Fig. 5. As TNADW

increases in magnitude, the interface between NADW and
AABW shoals, with this interface being approximately 200
m deeper in the Pacific basin. The ACC isopycnal slopes
also shoal (not shown), which influences the outcropping
position. An increase in TNADW results in an increase in
T ITF, which was not included in the two-layer example
(Fig. 7b). The zonal exchange of mass in the lowest-most
density class is insensitive to changes in TNADW, since
TAABW is prescribed in this simulation (Fig. 7b). How-
ever, as TNADW strengthens, more of the zonal transport
into the Atlantic occurs through the ITF, until the trans-
port through the ITF dominates the inter-basin exchange
for TNADW = 20 Sv. Diffusive upwelling is enhanced in the
Pacific due to the basin’s larger width. Although it is im-
portant to keep in mind that the ratio TκA3/T

κ
P3 > LA/LP ,

which is consistent with a thinner LCDW layer in the At-
lantic and the parameterization (13). The ratio of the dif-
fusive transports in each basin is relatively insensitive to
TNADW in these uniform slope simulations.

Water mass transformation occuring at the surface of
the Southern Ocean may be influenced by the relative basin
widths (Fig. 7c). For a narrow Atlantic basin, the transport
is equatorward across y1 and y2, indicating a positive buoy-
ancy flux and the formation of Intermediate Waters. How-
ever, as the basin widths become comparable, the outcrop-
ping sites are pushed further to the south and the buoyancy
forcing changes sign across the interface separating upper
and lower CDW, y2. Tamsitt et al. (2015) have recently
shown that positive heat fluxes are more prominent in the
Atlantic sector of the ACC, as compared to the Pacific sec-
tor. This box model suggests that at least part of this
zonal asymmetry can be attributed to the narrow width of
the Atlantic basin. Similar spatial patterns are apparent in
the distribution of Southern Ocean water mass subduction
(Sallée et al. 2012). Zonal transport of AABW between
basins occurs regardless of the basin width (Fig. 7d), al-
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though overall, the zonal exchange is reduced as the basin
widths become of comparable size. Note asymmetry still
arises due to TNADW and TAABW. For this set of parame-
ters we find that the return from the Pacific to the Atlantic
is almost equally partitioned between χ3 and T ITF when
LA = LP .

So far, we have prescribed a transformation of NADW
into AABW exclusively in the Atlantic sector of our box
model, reflecting the predominance of AABW generated
in the Weddell Sea. However, AABW forms at a number
of sites around the Antarctic margins (Jacobs et al. 1970;
Aoki et al. 2005; Ohshima et al. 2013). Zonal exchange
in the ACC, which is largely confined to layers n = 3, 4,
is more sensitive to changes in TAABW

A than to TAABW
P

(Fig. 8). The zonal exchange in these layers may acquire
both positive and negative values for the range of parame-
ters explored here. Weak values of TAABW

A are associated
with a transport of mass from the Atlantic to the Pacific
in the LCDW density class. The zonal exchange through
the ITF (panel c) has a more complicated dependence on

bottom water formation rates, although the range of vari-
ability is relatively small; T ITF depends more sensitively
on NADW formation rates. Future iterations of this model
should allow for internal feedback between model stratifica-
tion, buoyancy forcing and deep/bottom water formation
rates.

c. Overturning transitions

A motivation for exploring a three-dimensional OC is
to recover transitions in the overturning structure. Ferrari
et al. (2014) argued that the transition from a “two-cell” to
a “figure-of-eight” circulation structure between the LGM
and the present was related to a shoaling of NADW above
the mid-Atlantic ridge. They indicate that this shift neces-
sarily accompanies changes in sea ice extent. Fig. 9 shows
that a rapid transition in overturning structure may occur
due to modifications in other external parameters. The
solution to a four-layer model is shown, where TNADW is
updated so that water is removed from layer n = 1 and
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injected into layer n = 2, rather than n = 3. This al-
lows for the possibility of a purely diffusive AABW cell in
the two densest layers. The diagnostic plotted in Fig. 9,
r =

∣∣TmlA1 /T
ml
A2

∣∣, describes the ratio of NADW, upwelled
into the mixed layer of the ACC, that is converted into
lighter Intermediate Waters (TmlA1 ) and denser Bottom Wa-
ters (TmlA2 ). Grossly, r < 1 and r > 1 correspond to over-
turning structures that are more figure-eight-like and more
two-cell-like, respectively. For a uniform diapycnal diffu-
sivity (blue curves), increasing NADW production shoals
the stratification and leads to a progressively stronger adi-
abatic, upper overturning cell as the surface buoyancy forc-
ing in the ACC intensifies. However, in a situation where
there is sharp transition in the intensity of diffusive up-
welling (red curves), the upper, adiabatic overturning cell
is initiated abruptly as the interface z2, separating NADW
and AABW, crosses this threshold. NADW and AABW
are effectively isolated at this point, as has been argued to
be the case at the LGM (Curry and Oppo 2005; Lund et al.
2011; Ferrari et al. 2014). The magnitude of the overturn-
ing here is less important than the relative change, due
to the idealized nature of the model. Critically, though,
a transition with this behavior can not be captured in a
single-basin model.

5. Why are isopycnals so much deeper in the At-
lantic than the Indo-Pacific?

In the previous section, a three-dimensional OC is shown
to predict a deeper stratification in the Pacific as com-
pared to the Atlantic, but the magnitude of this difference
is smaller than observed in the ocean. Fig. 3(c) suggests
that this is because the separation of the Atlantic and Indo-
Pacific isopycnal depths occurs close to the northern edge
of the ACC, whereas in our box model the isopycnals are
uniformly separated in the ACC. For the same zonal con-

vergence/divergence, isopycnals that diverge only at the
northern edge of the basin can achieve a larger separation
distance. In this section we pose an explanation for the
observed shapes of the Atlantic vs. Indo-Pacific isopycnals
in the ACC by returning to the general two-basin residual-
mean equation (5).

As above, the ACC is a channel of meridional width l
with northern boundary at y = 0 and southern boundary
at y = −l. The ACC is divided into two sectors, Atlantic
and Pacific, with zonal lengths LA and LP and sector-
mean isopycnal depths zA(y) and zP (y) respectively. To
obtain an analytically tractable model, we begin with (5)
and make the following simplifications:

i. We seek a steady solution, ∂zA,P /∂t = 0.

ii. We neglect diapycnal mixing κ and direct buoyancy
forcing B in the ocean interior, assuming perfectly
adiabatic transport.

iii. We assume that the zonal wind stress and the lateral
eddy diffusivity are both zonally and meridionally in-
variant, and denote them as τ and K respectively in
both basins.

iv. we assume that the velocity can be written as a sim-
ple linear vertical shear

u ≈ U + Uzz =⇒ Ψi ≈ −Uzi − 1
2Uzz

2
i , (21)

where U and Uz are constants and i = A,P. This as-
sumption requires that the inter-basin change in the
isopycnal slope is small relative to the mean isopycnal
slope.

v. We assume that the meridional streamfunction ψ is
dominated by its wind- and eddy-driven components,
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and that the geostrophic component (the last term on
the right-hand side of (A15)) may be neglected,

ψi ≈ −
τ

ρ0f
+K

∂zi
∂y

. (22)

This assumption is valid, for example, if inter-basin
anomalies in isopycnal depth are confined over a rel-
atively short meridional lengthscale, as suggested by
Fig. 3 and confirmed in our solution below.

These assumptions reduce (5) to a coupled pair of linear
ordinary differential equations for the isopycnal depths in
the Atlantic and Pacific sectors,

d

dy

(
− τ

ρ0f
+K

dzA
dy

)
=

U

LA
(zA − zP ) +

1
2Uz

LA

(
z2
A − z2

P

)
,

(23a)

d

dy

(
− τ

ρ0f
+K

dzP
dy

)
=

U

LP
(zP − zA) +

1
2Uz

LP

(
z2
P − z2

A

)
.

(23b)

The left-hand side of each of these equations resembles the
adiabatic residual-mean equations of Marshall and Radko
(2003). The right-hand side comprises the additional con-
tribution due to convergence/divergence of mass above/below
isopycnals due to differences in the Atlantic and Pacific
isopycnal depths.

Equations (23a)–(23b) apply, under assumptions (i)–
(v), to any isopycnal that exists in both the Atlantic and
Pacific sectors. However, we will restrict our attention to

the isopycnal that separates the northward- and southward-
flowing branches of the OC in the Southern Ocean. Ferrari
et al. (2014) identify this isopycnal with the 27.9 kg m−3

neutral density surface, which reaches the surface approx-
imately at the annual-mean sea ice edge. This isopycnal
does not quite outcrop at the ocean surface (see Fig. 3),
but instead flattens out at the southern edge of the ACC,
or at y = −l in our notation. We suppose that there is a
net sinking of waters, T (measured in m3 s−1), across this
isopycnal in the north Atlantic, and that all of this wa-
ter ultimately upwells diffusively in the Pacific basin. The
circumpolar-averaged residual streamfunction is therefore
zero at the northern edge of the ACC,

ψA = T/LA , ψP = −T/LP at y = 0 . (24)

As there is no inter-basin exchange south of the ACC, it
also follows that both the Atlantic and Pacific overturning
streamfunctions must vanish at y = −l,

ψA = ψP = 0 at y = −l . (25)

This scenario is illustrated schematically in Fig. 2, though
in this section we neglect the role of the ITF for simplicity.

The solution of (23a)–(25) is described in Appendix
B. For analytical convenience we pose this solution using
alternative variables,

ζ =
LAzA + LP zP
LA + LP

, and ∆ = zA − zP , (26)

where ζ is the circumpolar-averaged isopycnal depth and
∆ is the difference between the isopycnal depths in the At-
lantic and Pacific sectors. The complete solution is given in
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Fig. 10. Zonal-mean isopycnal depths in the Atlantic and Pacific (Indo-Pacific), as predicted by (a) our analytical
solution from §5 and (b) the along stream-averaged 27.9 kg m−3 neutral density surface from Fig. 3. In panel (a) the
solid lines correspond to the full analytical solution, given by (B4) and (B12), while the dashed lines correspond to the
approximate solution given by (27a)–(27b). Our solution predicts that isopycnals should lie shallower in the Atlantic
sector than in the Pacific in order to support zonal convergence/divergence of mass between basins and thus complete the
”figure-of-eight” global OC. The balance between this zonal convergence/divergence and the corresponding meridional
divergence/convergence of mass within isopycnal layers by eddy thickness fluxes implies that the isopycnal depth difference
should be concentrated close to the northern edge of the ACC. Model parameters are given in §5

terms of Airy functions by (B4) and (B12), and yields lit-
tle intuition when written out in full. To aid intepretation
of the solution, in Appendix B we show that by addition-
ally assuming that the change in zonal velocity across the
isopycnal is small, Us/Uzl � 1, the solution may be ap-
proximately written as

ζ = ζ|y=0 +
τ

ρ0fK
y (27a)

∆ ≈ TΛ

K

(
1

LA
+

1

LP

)
ey/Λ . (27b)

Here the diffusive lengthscale Λ is given as

Λ =

√
K/U

1/LA + 1/LP
. (28)

For typical parameter values, Λ ≈ 200 km, which is much
smaller than the width of the ACC, Λ/` � 1 (see Ap-
pendix B). The form of (27b) suggests that the isopycnal
depth difference ∆ is effectively zero outside of a narrow
meridional boundary layer of width O(Λ) at the northern
edge of the ACC, consistent with the along-stream average
isopycnal depths shown in Fig. 3.

In Fig. 10 we compare the full analytical solution, (B4)
and (B12), against the climatological 27.9 kg m−3 neutral
density surface from Fig. 3. In both panels, the Atlantic
and Pacific isopycnals lie at approximately the same depth
across most of the ACC, but then separate close to the
northern boundary such that the isopycnal lies shallower
in the Atlantic. To produce panel (a) of Fig. 10 we chose
an ACC width of l = 1500 km and assigned the lengths
of the Atlantic and Indo-Pacific based on the longitude
ranges shown in Fig. 3(b), using the mean latitude of the
Polar Front (∼55S) to calculate zonal distances in units
of meters. We chose the isopycnal depth at the northern
edge of the ACC to be ζy=−l = −1800 m, approximately
equal to the circumpolar-mean depth of the 27.9 kg m−3

neutral density surface. We chose typical scales for ρ0 =
1000 kg m−3 and f = −10−4 rad s−1. We set the zonal ve-
locity maximum to U = 0.15 m s−1, and chose Uz such that
the zonal velocity vanished at z = −4000 m. The isopycnal
depth difference at the northern edge of the ACC is sensi-
tive to the various parameters in (29), so we selected the
parameter combination K = 1400 m2 s−1, τ = 0.15 N m−2

and T = 8 Sv, which yields good visual agreement between
the analytical solution and the climatology. However, none
of these parameters are particularly well constrained, and
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many simplifications have been made to obtain this ana-
lytical solution.

Equation (27b) immediately yields a scaling for the
isopycnal depth difference at the northern edge of the ACC,

∆|y=0 ≈
Tλ

K

(
1

LA
+

1

LP

)
. (29)

Using the parameter values described above, we obtain
∆|y=0 ≈ 300 m. Crucially, (29) does not depend on the
width of the ACC because the inter-basin transport occurs
within the meridional boundary layer of width O(Λ). A
naive scaling derived under the assumption of linear isopy-
cnals in each sector of the ACC would conclude that the
isopycnal depth difference should scale as ∆ ∼ T/Ul. For
the same parameter values as above this predicts an isopy-
cnal depth difference of only ∆ ≈ 36 m, comparable to
the box model solutions but much smaller than observed.
This suggests the reason the Atlantic mid-depth isopycnals
lie several hundred meters higher than their counterparts
in the Pacific may be because the inter-basin transport is
concentrated at the northern edge of the ACC.

Finally, we emphasize that we do not claim that eddy
bolus transport convergence is solely responsible for the
large change in isopycnal depth between the Atlantic and
Pacific: rather, the spread of the isopycnals close to the
northern edge of the ACC may also permit meridional
geostrophic flows in the ACC that facilitate inter-basin con-
vergence/divergence of mass above/below isopycnals (Jones
and Cessi 2016). We explicitly neglected geostrophic merid-
ional flows here, but we emphasize that both mechanisms
may be at work in the real ACC, combining to produce the
observed inter-basin differences in isopycnal depths.

6. Discussion

Reid’s 1961 description of the differing physical charac-
teristics of the ocean basins (see Fig. 1) preceded dynamical
models of the OC. It is rather remarkable that most con-
ceptual models of the OC are unable to reproduce these
fundamental characteristics of the modern ocean. Simpli-
fying assumptions have always guided conceptual models of
the overturning circulation, e.g. (Munk 1966; Marshall and
Radko 2003). Our model introduces new degrees of free-
dom by adding separate basins and sectors of the ACC,
which must, in turn, be justified by new insight.

The main insight gained from introducing two sepa-
rate basins is the elucidation of three-dimensional water
mass pathways in the global circulation. The focus in re-
cent years on controls over the meridional OC (MOC),
or sometimes just the Atlantic MOC (AMOC), has led
to an established view of the overturning summarized in
Fig. 2a. Zonally-averaged, the overturning is typically dis-
cussed in terms of two separate cells with different dy-
namical balances. The strength of the lower overturning

cell arises from a competition between deep water forma-
tion around the margins of Antarctica and diffusive up-
welling distributed throughout the ocean basins. The up-
per overturning cell, characterized by isopycnal outcrop-
ping at both high northern and southern latitudes, has the
ability to form a closed loop in the absence of interior di-
apycnal mixing and is often referred to as an adiabatic cell.
This closed adiabatic cell implies that the two high latitude
transformation sites have buoyancy forcing of equal mag-
nitude, but of opposite sign.

This study was motivated, in part, by the hypothe-
sis that most NADW upwells not in regions of surface
buoyancy input in the ACC, but rather under the (aus-
tral summer-time) sea ice edge (Ferrari et al. 2014). While
under-ice buoyancy fluxes are poorly constrained, the ab-
sence of strong lateral buoyancy gradients under ice (Orsi
and Whitworth 2005, see also Fig. 10) suggests that up-
welled NADW is carried towards the Antarctic coast, where
it is subsequently converted to AABW and downwells. Con-
sequently, closing the overturning loop in the modern day
ocean can not occur through surface processes alone. In-
stead, NADW is ultimately transformed (upwelled) into
lighter density classes, in the northern basins. This dif-
fusive modification preferentially occurs in the Pacific be-
cause this basin has a greater surface area and, assuming
that topographic roughness does not vary significantly be-
tween basins, can host a larger upwelling. The absence of
deep water formation in the north Pacific also allows up-
welling to shallower depths, which impacts outcrop loca-
tions at the surface of the ACC. It follows that a complete
circuit of the overturning circulation must, at some point,
be limited by diapycnal mixing, in some ways validating
Munk’s abyssal recipes approach.

The sensitivity of the overturning to surface boundary
conditions has been discussed by Abernathey et al. (2011),
Nikurashin and Vallis (2011), Stewart et al. (2014) and
others. Radko and Marshall (2006) appreciated that zonal
variations in this surface buoyancy flux could locally influ-
ence the strength of overturning, but recent studies have
shown that transitions in the surface buoyancy flux may
be more abrupt than a simple sinusoid with the gravest
wavenumber (Cerovečki et al. 2011; Bishop et al. 2015).
In particular, Tamsitt et al. (2015) show that while there
is a large discrepancy in the surface heat flux across dif-
ferent basins, the intra-basin heat flux is largely uniform.
This result is consistent with the models derived here in
that modifications to the surface buoyancy flux are largely
related to changes in the outcrop position across differ-
ent basins to accommodate zonal convergence/divergence
in the ACC.

The focus on the surface buoyancy forcing in the South-
ern Ocean raises an important point: regardless of the
mechanism, either Ekman transport or eddy transport, if
the overturning circulation is assumed to be in steady state,
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then the surface transport of water masses must be con-
sistent with the implied water mass modification via the
surface buoyancy forcing (Marshall 1997). In other words,
in regions where westerly winds generate an equatorward
Ekman transport that dominates the eddy component, a
feature found to be nearly ubiquitous in a 1/10◦ coupled
climate model by Dufour et al. (2015), the surface forcing
should have a tendency to make fluid in the mixed layer
more buoyant.

The inclusion of the ITF in this model suggests interest-
ing teleconnections between high latitude deep and bottom
water formation, zonal transport in the ACC and surface
exchange in the Pacific/Indian oceans. For the experiments
considered in §4, for situations where TNADW is varied, but
TAABW is held fixed, T ITF must partially accommodate
changes in the high latitude formation rates.

Our parameterization of the ACC transport as a down-
gradient thickness flux is consistent with isopycnal mixing
of potential vorticity (Marshall and Speer 2012), and the
meridional transport principally arising from eddy thick-
ness fluxes. However, Mazloff et al. (2013) have shown
that the circumpolar-mean residual meridional flow in the
ACC has a substantial geostrophic component, supported
by surface and topographic isopycnal outcropping. More
work is needed to determine the extent to which the resid-
ual circulation of the ACC can be modeled as an eddy
thickness flux.

The issues surrounding the neglect of geostrophic merid-
ional flows are likely to be most acute in the abyssal ocean,
below the depth of the ACC’s major topographic features.
Topographic ridges may support strong meridional geostrophic
flows confined to narrow western boundary currents (Fuka-
machi et al. 2010). We acknowledge that this aspect of the
model needs to be explored further. There are existing ad
hoc methods in the literature for dealing with this compli-
cation, such as linearly reducing the meridional transport
at the sill depth to zero at the bottom regardless of the den-
sity structure (Ito and Marshall 2008; Burke et al. 2015).
Here the problem is partially alleviated by our prescrip-
tion of the AABW streamfunction, which implies that the
lateral transport in the southern ACC is insensitive to the
isopycnal slope and simply needs to balance the water mass
formation rate.

A major departure between the analytical derivation in
§5 and the box model development in §3 is the assump-
tion of a linear, zonally-uniform slope in the ACC. As
shown in §5, much of the separation between the depths
of density surfaces between basins comes from curvature
in these isopycnal at the northern boundary of the ACC.
The box model can be modified to accommodate this cur-
vature based on the scalings outlined in §5, for instance by
offsetting the isopycnals at y = 0 by ∆ as defined in (29).
Future use of this model that include tracers, for instance,
will need to represent the basin difference with improved

fidelity to reproduce observations.

7. Conclusions

The derivation of a multi-basin residual mean model
provides a dynamical representation of a global overturn-
ing circulation that involves zonal mass transport between
basins via the ACC, or via the ITF, and allows for differ-
ent patterns of Southern Ocean surface buoyancy in each
zonal sector. These properties are necessary to qualita-
tively reproduce the asymmetric water mass distributions
illustrated in Fig. 1.

In §3 the residual-mean model is idealized to a two-
basin box model with linear isopycnal slopes in the ACC,
which is essentially a coarse discretization of (5). The
model produces differences in both stratification and diffu-
sive upwelling in the deep basins, and differences in surface
buoyancy forcing, or water mass transformation, at the sur-
face of the Southern Ocean. The zonal exchange between
basins is largest in the deepest density class, where bot-
tom waters are exchanged from the Atlantic to the Pacific,
because the Pacific offers a larger horizontal area to sup-
port diffusive upwelling. Thus when NADW reaches the
surface of the ACC, it is preferentially transformed into
AABW and upwelled in the Pacific, rather than being di-
rectly converted to Intermediate Waters by buoyancy input
at the surface of the ACC. In §5 we provide an analytical
solution of the isopycnal slopes in the ACC balanced by
convective downwelling in the North Atlantic and diffusive
upwelling in the Pacific. This solution qualitatively repro-
duces the observed differences in isopycnal depths between
the Pacific and Atlantic basins. Again, shallower isopyc-
nals in the Atlantic produce a convergence of deeper waters
into, and a divergence of shallower waters out of, the Pacific
sector of the ACC. The meridional eddy thickness fluxes
constrain the inter-basin exchange to a narrow (O(200 km)
boundary layer at the northern edge of the ACC. Conse-
quently, the Atlantic and Pacific isopycnals diverge from
one another close to the northern edge of the ACC (see
Fig. 10).

These results imply a minimal role for a closed adia-
batic overturning cell in the Atlantic alone. An overturning
loop that cycles through both basins has implications for
Lagrangian water mass pathways, ocean residence times,
global tracer distributions and transitions in the overturn-
ing structure in response to a changing climate.
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APPENDIX A

Multi-basin residual-mean theory in isopycnal
coordinates

In this appendix we derive a basin-averaged form of the
conventional three-dimensional residual-mean buoyancy equa-
tion (1) in isopycnal coordinates. Each components of the
residual streamfunction can be written as a sum of mean
and eddy components (e.g. Radko and Marshall 2006),

ψ(x) = ψ
(x)

+ ψ?(x) , ψ(y) = ψ
(y)

+ ψ?(y) , (A1)

where the mean streamfunction ψ =
(
ψ

(x)
, ψ

(y)
)

and eddy

streamfunction ψ? =
(
ψ?(x), ψ?(y)

)
determine the mean

velocity and eddy velocity, respectively, via relations anal-
ogous to (2). The mean streamfunction is simply defined
as the depth-integral of the mean horizontal velocity

ψ
(x)

=

∫ 0

z

udz , ψ
(y)

=

∫ 0

z

v dz , (A2)

whereas the eddy streamfunction is proportional to the lat-
eral eddy buoyancy flux and approximates eddy thickness
transport within isopycnal layers,

ψ?(x) =
u′b′

bz
, ψ?(y) =

v′b′

bz
. (A3)

These equations constitute the standard temporal residual
mean approximation of the mass transport within isopyc-
nal layers (McIntosh and McDougall 1996; McDougall and
McIntosh 2001). To close the mean buoyancy equation (1)
we apply a standard down-gradient closure for the lateral
eddy buoyancy fluxes (Gent and McWilliams 1990),

u′b′ = −K(x) ∂b

∂x
, v′b′ = −K(y) ∂b

∂y
, (A4)

where K(x) and K(y) are the zonal and meridional eddy
buoyancy diffusivities respectively.

We now transform to an isopycnal coordinate system,
in which the mean buoyancy b is the vertical coordinate,
by writing z = z(x, y, b, t). In applying the coordinate
transformation we make use of the following identities:

∂f

∂z
=

(
∂z

∂b

)−1
∂f

∂b
, (A5a)

∂f

∂xi

∣∣∣∣
b

=
∂f

∂xi

∣∣∣∣
z

+
∂f

∂z

∣∣∣∣
xi

∂z

∂xi

∣∣∣∣
b

, (A5b)

∂b

∂xi
= − ∂b

∂z

∂z

∂xi
, (A5c)

where f(x, y, z, t) = f(x, y, z(x, y, b, t), t) is an arbitrary
function of space and time and xi = (x, y, t) is any non-
vertical coordinate. To rewrite the buoyancy equation (1)
in isopycnal coordinates, we divide by ∂b/∂t, apply identi-
ties (A5a)–(A5c), and rearrange to obtain

∂z

∂t
− ∂ψ

(x)

∂x

∣∣∣∣
b

− ∂ψ
(y)

∂y

∣∣∣∣
b

= − ∂

∂b

(
κ

(
∂z

∂b

)−1

+B

)
. (A6)

Here the subscript b indicates that horizontal derivatives

of the streamfunction should be taken at constant b.
Finally, we take a zonal average of (3) across a sector

of the ACC of zonal length Lx. We denote the zonal aver-

age as 〈•〉 = (1/Lx)
∫ E
W
• dx, where W and E indicate the

western and eastern boundaries of the sector, though this
should be interpreted more generally as an average along
ACC streamlines. Note that we retain a quasi-Cartesian
coordinate system for simplicity, though for sufficiently
convoluted streamlines this approximation becomes ques-
tionable. This yields

∂ 〈z〉
∂t
− 1

Lx

[
ψ(x)

]E
W
−∂

〈
ψ(y)

〉

∂y
= − ∂

∂b

(〈
κ

(
∂z

∂b

)−1
〉

+ 〈B〉
)
.

(A7)
This is the most general form of the sector-averaged resid-
ual mean equation in buoyancy coordinates. We now make
few simplifying assumptions and notational adjustments:

i. We neglect ψ?(x) in favor of ψ
(x)

, assuming that the
zonal mean flow is much larger than the zonal eddy
bolus transport.

ii. We assume that the isopycnal depth varies slowly
along streamlines in each sector, i.e. ∂z/∂x ≈ 0 and
〈z〉 ≈ z (see Fig. 3).

iii. We simplify our notation by writing ψ
(x)

as Ψ,
〈
ψ(y)

〉

as ψ,
〈
K(y)

〉
as K, 〈κ〉 as κ, b as b, and 〈B〉 as B.

Applying these assumptions and simplifications yields

∂z

∂t
− 1

Lx
[Ψ]

E
W −

∂ψ

∂y
= − ∂

∂b

(
κ

(
∂z

∂b

)−1

+B

)
. (A8)

The zonal streamfunction Ψ is simply equal to the vertical
integral of the mean zonal velocity, as in (A2), which in
turn is determined by thermal wind balance. In buoyancy
coordinates these relationships may be written as

Ψ = −
∫ b

bbot

u
∂z

∂b
db , u = uBT +

∫ b

bbot

1

f

∂z

∂y
db , (A9)

where bbot is the buoyancy at the ocean bottom and uBT

is the barotropic velocity. The meridional streamfunction
ψ follows immediately from (A1),

ψ = ψ + ψ? . (A10)
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The mean component is given as

ψ = − τ

ρ0f
+

1

ρ0fLx

∫ 0

z

[p]
E
W dz′ , (A11)

where p is the mean pressure and z′ is a dummy variable
of integration, and the eddy component is

ψ? = K
∂z

∂y
. (A12)

The derivation of these quantities follows (Marshall and
Radko 2003), except in (A11) the mean streamfunction
retains a component due to the mean zonal pressure dif-
ference along the length of the ACC sector. The mean
dynamic pressure may be approximated using hydrostatic
balance,

p = p0 +

∫ z

0

ρ0bdz′ , (A13)

where p is the surface pressure under a rigid-lid approxi-
mation.

To make use of (A8)–(A13) to describe the connectiv-
ity between basins via the ACC, we require an equation
for the mean zonal transport streamfunction Ψ. To ad-
dress the most general case, we consider an ACC divided
into N sectors in which the variables are denoted by a sub-
script i for i = 1, . . . , N . Then, assuming that the ACC
flows eastward everywhere, we apply an upwind approxi-
mation (a concept borrowed from finite-volume discretiza-
tions of partial differential equations, e.g. LeVeque 2002)
to determine the mean zonal transport streamfunction Ψ
and mean pressure p on the eastern and western bound-
aries of each sector. Specifically, we assign the zonal trans-
port of water out of sector i through its eastern edge using
the mean velocity in the same sector, and the transport in
through its western edge using the mean velocity in sec-
tor i − 1, i.e. from the west. A consistent approximation
for the geostrophic meridional flow is obtained using the
mean pressure difference between sectors i and i− 1. This
yields a multi-basin generalization of the isopycnal height
equation (A8),

∂zi
∂t
− 1

Li
(Ψi −Ψi−1)− ∂ψi

∂y
= − ∂

∂b

(
κi

(
∂zi
∂b

)−1

+Bi

)
,

(A14)
where

ψi = − τi
ρ0f

+Ki
∂zi
∂y

+
1

ρ0fLi

∫ 0

zi

(
pi − pi−1

)
dz′ . (A15)

APPENDIX B

Analytical solution of the adiabatic two-basin
residual-mean equations

This appendix provides the solution to the steady adia-
batic two-basin residual mean equations with linear vertical
shear and uniform surface wind stress and eddy diffusivity,
given by (23a)–(23b). Taking a weighted zonal average of
(23a) and (23b) yields an equation for the circumpolar-
mean isopycnal depth ζ,

dψ

dy
=

d

dy

(
− τ

ρ0f
+K

dζ

dy

)
= 0 . (B1)

The weighted zonal average has canceled all terms asso-
ciated with zonal convergence/divergence of mass by the
flow of the ACC, so we recover the residual-mean equa-
tion derived in the adiabatic limit by Marshall and Radko
(2003). The circumpolar-averaged residual streamfunction

ψ =
LAψA + LPψP

LA + LP
= − τ

ρ0f
+K

dζ

dy
, (B2)

is constant along buoyancy surfaces. We may therefore
treat this streamfunction as a function of b alone, ψ = ψ(b),
and solve (B1) to obtain

ζ = ζ0 +

(
ψ

K
+

τ

ρ0fK

)
y . (B3)

Here y = 0 corresponds to the northern edge of the circum-
polar channel and ζ0 = ζ|y=0 is the isopycnal depth there.
It follows from the boundary conditions (24) that ψ = 0
on this isopycnal, so (B3) simplifies to

ζ = ζ0 + sy . (B4)

Intuitively, the residual streamfunction vanishes on this
isopycnal because in a circumpolar average the net flux
above and below the isopycnal is zero, the result of large,
oppositely-directed meridional mass fluxes in the two basins.
Here we define s = τ/ρ0fK as the constant circumpolar-
average slope of this isopycnal.

If we instead subtract (23b) from (23a), we obtain an
equation for ∆, the difference in the isopycnal depth be-
tween the two basins,

d2∆

dy2
=

(
1

LA
+

1

LP

)
∆
(
U + 1

2Uzζ
)
. (B5)

As we have an explicit solution for ζ(y), equation (B5) is
a closed one-dimensional ordinary differential equation for
∆. To solve, we define a modified latitudinal coordinate

Y =
y0 − y
λ

, (B6)

where

y0 =
2U

(−s)Uz
− ζ0
s
, λ3 =

2K

(−s)Uz (1/LA + 1/LP )
, (B7)
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are a reference latitude and characteristic lengthscale re-
spectively. Recall that the slope s is negative, so the length-
scale λ is real-valued. Substituting (B6) and (B7) into (B5)
yields

d2∆

dY 2
= ∆Y , (B8)

which is the canonical Airy equation with general solution

∆ = αAi(Y ) + βBi(Y ) . (B9)

Here Ai and Bi are the Airy functions of the first and second
kinds respectively (Abramowitz and Stegun 1964), and α
and β are arbitrary constants. To determine α and β, we
use (A15) to rewrite (24) and (25) as a pair of boundary
conditions for the isopycnal depth difference ∆,

∂∆

∂y
= 0 at y = −l , (B10)

∂∆

∂y
=
T

K

(
1

LA
+

1

LP

)
at y = 0 . (B11)

Substituting these conditions into (B9) allows us to solve
for α and β, and yields the following solution for ∆,

∆(y) =
Tλ

K

(
1

LA
+

1

LP

)
×

Bi
(
y0−y
λ

)
Ai′
(
y0+l
λ

)
−Ai

(
y0−y
λ

)
Bi′
(
y0+l
λ

)

Bi′
(
y0+l
λ

)
Ai′
(
y0
λ

)
−Ai′

(
y0+l
λ

)
Bi′
(
y0
λ

) , (B12)

where Ai′ and Bi′ are the first derivatives of Ai and Bi
respectively. Note that we can recover the isopycnal depths
in the Atlantic and Pacific sectors via

zA = ζ +
LP

LA + LP
∆ , zP = ζ − LA

LA + LP
∆ . (B13)

Though exact, the solution (B12) yields little insight
into the inter-basin differences in stratification due to its
complicated form. A simpler solution can be derived via
the same method when the change in zonal velocity along
the isopycnal is small, Uzl/U |s| � 1. In this case the
term proportional to Uz in (B5) can be neglected, and the
solution for ∆ simplifies to

∆ =
TΛ

K

(
1

LA
+

1

LP

)
cosh((y + l)/Λ)

sinh(l/Λ)
. (B14)

Here the characteristic lengthscale has been modified to

Λ =

√
K/U

1/LA + 1/LP
. (B15)

For representative values ofK = 1000 m2 s−1, U = 0.1 m s−1,
LP = 10, 000 km and LA = 5000 km, we obtain Λ ≈
183 km. This is much smaller than the width of the ACC,
Λ/l� 1, so we can approximately simplify (B14) to

∆ ≈ TΛ

K

(
1

LA
+

1

LP

)
ey/Λ . (B16)
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