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ABSTRACT

Previous idealized investigations of Southern Ocean overturning have omitted its connection with
the Antarctic continental shelves, leaving the influence of shelf processes on Antarctic Bottom
Water (AABW) export unconsidered. In particular, the contribution of mesoscale eddies to setting
the stratification and overturning circulation in the Antarctic Circumpolar Current (ACC) is well
established, yet their role in cross-shelf exchange of water masses remains unclear. We propose a
residual-mean theory that elucidates the connection between Antarctic cross-shelf exchange and
overturning in the ACC, and the contribution of mesoscale eddies to the export of AABW. We
motivate and verify our theory using an eddy-resolving process model of a sector of the Southern
Ocean. The strength and pattern of the simulated overturning circulation strongly resemble those
of the real ocean, and are closely captured by our residual-mean theory. Over the continental
slope baroclinic instability is suppressed, and so transport by mesoscale eddies is reduced. This
suppression of the eddy fluxes also gives rise to the steep ‘V’-shaped isopycnals that characterize
the Antarctic Slope Front in AABW-forming regions of the continental shelf. Furthermore, in order
to produce water on the continental shelf that is dense enough to sink to the deep ocean, the deep
overturning cell must be at least comparable in strength to wind-driven mean overturning on the
continental slope. This results in a strong sensitivity of the deep overturning strength to changes in
the polar easterly winds.

1. Introduction

The meridional overturning circulation (MOC) describes
the global-scale meridional transport of ocean water masses
(Talley et al. 2003). It exerts a substantial influence over
climate via inter-hemispheric transport of heat and salt,
in addition to biogeochemical tracers such as oxygen and
carbon (Kuhlbrodt et al. 2007; Lynch-Stieglitz et al. 2007).
This article focuses on the Southern Ocean, which has been
identified as a region of particular dynamical and climatic
importance for the MOC (Marshall and Speer 2012). Here
strong, mid-latitude westerly winds produce an isopycnal
tilt that allows deep waters to upwell to the surface. These
waters are then transported north by surface currents and
subducted as Antarctic Intermediate Water (AAIW), or
transported south towards the Antarctic continental shelf
(Speer et al. 2000). In certain regions, largely confined to
the Weddell and Ross Seas, the upwelled water mixes with
fresh glacial meltwater, and high-salinity shelf water pro-
duced by rejection of brine during sea ice formation (Gill
1973; Orsi and Wiederwohl 2009). The resulting mixture
sinks down from the continental shelf and spreads through-
out the global ocean as Antarctic Bottom Water (AABW)
(Gordon 2009).

The export of AABW constitutes the lowest branch
of the global MOC, and is arguably the most climatically
important over millennial timescales (Marshall and Speer

2012). AABW consists largely of waters that have recently
been in contact with the atmosphere, and so carries oxygen
to the deep ocean (Orsi et al. 2001). The deep branch of
the MOC also stores dissolved CO2, and may thereby drive
millennial-scale climate change via exchanges with the at-
mospheric CO2 reservoir (Russell et al. 2006; Toggweiler
et al. 2006; Toggweiler 2009; Skinner et al. 2010).

The climatic influence of the Southern Ocean MOC has
motivated a series of studies to elucidate the relationship
between surface forcing of the Antarctic Circumpolar Cur-
rent (ACC) and the resultant stratification and overturning
(e.g. Hallberg and Gnanadesikan 2006; Hogg et al. 2008).
Anthropogenic CO2 emissions have led to an intensification
of the mid-latitude westerlies in the past few decades (Shin-
dell and Schmidt 2004; Polvani et al. 2011), characterized
by a strengthening of the Southern Annular Mode (Thomp-
son and Wallace 2000; Thompson et al. 2000). Meanwhile,
millennial-scale CO2 exchanges between the deep ocean
and the atmosphere have also been attributed to latitu-
dinal shifts of the westerlies (Russell et al. 2006; Togg-
weiler et al. 2006; Toggweiler 2009). This has motivated
a particular focus on the response of the MOC to changes
in the mid-latitude westerly wind strength (e.g. Hofmann
and Maqueda 2011; Meredith et al. 2011; Abernathey et al.
2011).

The upper branch of the Southern Ocean MOC may be
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explained dynamically using residual-mean theory (RMT)
(Andrews et al. 1987; Plumb and Ferrari 2005; Kuo et al.
2005). The observed overturning is described as a rela-
tively small residual, resulting from an imbalance between
a wind-driven mean overturning and a counter-acting “eddy”
overturning (Marshall and Radko 2003; Olbers and Vis-
beck 2005; Marshall and Radko 2006; Radko and Marshall
2006). RMT qualitatively explains the observed tracer
distributions in the Southern Ocean (Karsten and Mar-
shall 2002), and compares favorably with idealized eddy-
resolving simulations (Abernathey et al. 2011). Wolfe and
Cessi (2011) extended RMT to model the pole-to-pole MOC,
and found good agreement with eddy-resolving simulations
of an entire ocean basin. Ito and Marshall (2008) applied
RMT to the deep MOC, and derived a scaling for the di-
apycnal mixing rate needed to allow transport of AABW
across isopycnals outcropping from the ocean bed. Saenko
et al. (2011) combined an extension of this scaling with
eddy-permitting simulations of the Southern Ocean to pre-
dict an increase in AABW export in response to strength-
ening of the mid-latitude westerlies. Nikurashin and Vallis
(2011) developed a residual-mean model of a diffusively-
driven deep overturning cell, and Nikurashin and Vallis
(2012) extended this model to include a quasi-adiabatic
upper cell originating from a northern high-latitude convec-
tive region. Their model agreed qualitatively with coarsely-
resolved simulations using parameterized eddy transports.

The present work employs RMT as a model of both the
upper and lower overturning cells, including an idealized
Antarctic continental shelf, in concert with idealized eddy-
resolving simulations of a sector of the Southern Ocean.
This connects our theoretical understanding of the MOC
in the ACC with that of the Antarctic Slope Front (ASF),
a weaker westward current that flows along the continen-
tal slope around most of Antarctica (Jacobs 1991; Muench
and Gordon 1995; Chavanne et al. 2010). The ASF is
driven by circumpolar easterly winds around the Antarc-
tic margins (Large and Yeager 2009), and is characterized
by steep ‘V’-shaped isopycnals in AABW-forming regions
of the continental shelf (Gill 1973; Thompson and Hey-
wood 2008). Our understanding of the dynamical processes
that set the structure of the ASF is limited to quite ideal-
ized models. For example, Ou (2007) proposed a box-type
model of the ASF that pre-supposed the ‘V’-shaped isopyc-
nal structure and then balanced heat and salt fluxes across
the continental slope. More recently Baines (2009) con-
structed more sophisticated analytical solutions for a two-
dimensional flow that is entrained into a turbulent down-
slope bottom current. In this article, the structure of the
ASF is explained in §5 as a consequence of the eddy-mean
overturning balance of RMT, once the tendency of the con-
tinental slope to suppress baroclinic instability is accounted
for.

Connecting the overturning in the ACC with that over
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Fig. 1. Three-dimensional temperature snapshot from our ref-
erence simulation in statistically steady state. The upper panel
shows the profiles of surface wind stress and heating/cooling
(note that Q > 0 corresponds to heat loss to the atmosphere).

the Antarctic continental shelf allows us to analyze the
influence of shelf processes on the global MOC. In particu-
lar, the contribution of mesoscale eddies to the cross-shelf
transport remains unclear, though recent high-resolution
modeling studies suggest that eddies may dominate the
shoreward transport of Circumpolar Deep Water (CDW)
beneath Antarctic ice shelves (Thoma et al. 2008; Dinni-
man et al. 2011; Nøst et al. 2011). We will focus on the
sensitivity of the MOC to changes in the easterlies that
drive the ASF. Whilst the mid-latitude westerlies have in-
tensified over the past few decades (Shindell and Schmidt
2004; Polvani et al. 2011), the trend in the polar easter-
lies is ambiguous (Son et al. 2010; Polvani et al. 2011), as
are model predictions for their strength at the last glacial
maximum (Krinner and Genthon 1998; Kitoh et al. 2001).
Stewart and Thompson (2012) have recently shown that
the export of AABW is much more sensitive to changes in
the polar easterlies than the mid-latitude westerlies. This
sensitivity is explained succinctly by our RMT approach,
and is explored further in §6.
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The structure of this paper is as follows. In §2 we de-
scribe our idealized eddy-resolving numerical simulations of
the ACC and ASF, and diagnose the MOC and cross-shelf
heat transport. In §3 we derive residual-mean equations
and boundary equations suitable for our domain. In §4 we
discuss the parameterizations of the isopycnal and diapy-
cnal diffusivities required to represent the heat transport
over the Antarctic continental slope and close to the ocean
bed. In §5 we obtain approximate and numerical solutions
to the residual-mean equations. Finally, in §6 we examine
the sensitivity of the stratification and overturning circula-
tion to variations in the imposed wind stress, and compare
the results of our theory with those of our eddy-resolving
simulations.

2. Eddy-resolving simulations of the deep overturn-
ing circulation

In this section we discuss the overturning circulation
and export of dense water from the continental shelf in our
reference simulation, whose imposed forcing most strongly
resembles conditions in the contemporary Southern Ocean.
This simulation motivates some aspects of the residual-
mean theory described in §3–5.

a. Modeling preliminaries

We used the MIT ocean general circulation model (MIT-
gcm) to conduct all of the simulations described herein
(Marshall et al. 1997a,b). The model parameters are sum-
marized in Table 1. We model a sector of the Southern
Ocean and the Antarctic continental shelf as a zonally re-
entrant channel in Cartesian geometry. The channel is zon-
ally symmetric, and its depth is described by

h(y) = Hs +
1
2
(H −Hs)

(

1 + tanh

(

y − Ys
Ws

))

. (1)

This geometry is illustrated in Figure 1. For simplicity and
computational efficiency we have used a somewhat shal-
lower channel than the ∼ 4000m depth of the real Southern
Ocean.

Flow in the channel is governed by the three-dimensional,
hydrostatic Boussinesq equations (e.g. Vallis 2006). We
neglect the dynamical influence of salinity, which is fixed
at 35 psu everywhere, and prescribe a linear dependence
of density on temperature. Temperature is advected us-
ing a third-order direct space-time flux-limiting scheme.
We parameterize dense water formation by directly relax-
ing the temperature towards θc = −1 ◦ C over a localized
area of the shelf. We choose a relaxation timescale profile
that increases exponentially with horizontal distance from

Table 1. List of parameters used in our reference simulation.

Parameter Value Description

Lx 1000 km Zonal domain size
Ly 2000 km Meridional domain size
H 3000m Maximum ocean depth
Hs 500m Ocean depth on the

continental shelf
Ys 500 km Slope center position
Ws 100 km Slope half-width
Lc 200 km Radius of shelf cooling
Tc 7 days Shelf cooling timescale
Lr 100 km Width of northern

relaxation region
Tr 7 days Northern relaxation

timescale
LQ 1700 km Width of thermal

surface forcing
ρ0 999.8 kgm−3 Reference density
α 2× 10−4K−1 Thermal expansion

coefficient
g 9.81m2 s−1 Gravitational constant
f0 −1× 10−4 s−1 Reference Coriolis

parameter f
β 10−11 m−1 s−1 Meridional gradient of f
τACC, τASF 0.2,−0.05Nm−2 Wind stress scales
Q0 10Wm−2 Heat flux scale
Ah 12m2 s−1 Horizontal viscosity
Av 3× 10−4 m2 s−1 Vertical viscosity
A4 grid 0.1 Grid-dependent

biharmonic viscosity
C4 leith 1.0 Leith vortical viscosity
C4 leithD 1.0 Leith solenoidal viscosity
κv 5× 10−6 m2 s−1 Vertical diffusivity
rb 1.1× 10−3 ms−1 Bottom friction
∆x, ∆y 4.9, 5.0 km Horizontal grid spacing
∆z 12.5m–187.5m Vertical grid spacing
∆t 566 s Time step size

x = y = 0,

T (x, y, z) = Tc
Hs

|z| exp
[

(

x
1
2
Lc

)2

+

(

y
1
2
Lc

)2
]

, y ≤ Lc,

(2)
where Tc = 7days and Lc = 200 km. This profile has
been constructed such that the effect of temperature re-
laxation becomes negligibly small beyond a distance of Lc

from x = y = 0. The volume of shelf water that is sub-
ject to relaxation is indicated in Figure 1. This parame-
terization is an idealized representation of localized dense
water formation around Antarctica (Gordon 2009), and we
emphasize that our goal is to analyze dynamical processes
that control the export of dense water from the shelf, rather
than those responsible for its formation. In our simulations
dense water spreads rapidly along the continental shelf, so
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zonally uniform cooling over a longer timescale Tc may be
expected to produce similar results (see Appendix).

We force the model ocean surface using zonally-symmetric
profiles of heat flux and zonal wind that approximate ob-
servations of the Southern Ocean (Large and Yeager 2009).
These profiles are plotted in Figure 1. The upward surface
heat flux is given by

Q(y) = Q0

[

2 sin

(

2π(y − Lc)

LQ

)

− sin

(

π(y − Lc)

LQ

)]

,

(3)
for Lc ≤ y ≤ Lc + LQ, where Q0 = 10Wm−2 and LQ =
1700 km. The surface is not thermally forced in the region
of dense water formation, 0 ≤ y ≤ Lc, and in the sponge
layer at the northern boundary, described below. Our use
of a fixed surface heat flux, rather than restoring the sur-
face temperature, may somewhat reduce the sensitivity of
the MOC to changes in the wind stress (Abernathey et al.
2011).

We choose our zonal wind profile such that the wind
strengths over the ACC (τACC) and ASF (τASF) may be
varied independently without forming discontinuities in the
wind stress, τ(y), or its curl, −dτ/dy. Specifically, we pre-
scribe

τ(y) =















τACC sin2
(

π(y − Yt)

Ly − Yt

)

, Yt ≤ y ≤ Ly,

τASF sin2
(

π(Yt − y)

LASF

)

, Yt − LASF ≤ y ≤ Yt,

(4)
and τ = 0 over 0 ≤ y ≤ Yt − LASF. In our reference sim-
ulation, the transition between the ACC and ASF winds
lies at y = Yt = 800 km, and the breadth of the ASF wind
stress is LASF = 600 km. We achieve a surface mixed layer
with a typical depth of ∼ 50m using the K-profile param-
eterization (KPP) for vertical mixing (Large et al. 1994).
KPP also restratifies statically unstable density configura-
tions via convective adjustment using a temporarily large
vertical diffusivity.

At the northern boundary we employ a “sponge layer”
of width 100 km that parameterizes the diabatic processes
required to close the overturning circulation in the northern
ocean basins (Nikurashin and Vallis 2011; Wolfe and Cessi
2011). We relax the temperature towards an exponential
profile motivated by Abernathey et al. (2011),

θn(z) = θ0
exp (z/Hθ)− exp (−H/Hθ)

1− exp (−H/Hθ)
, (5)

which ranges from 0 ◦C at z = −H to θ0 = 6 ◦C at z = 0
with a temperature scale height of Hθ = 1000m. The tem-
perature is relaxed most rapidly at y = 2000 km, where the
time scale is 7 days, and the relaxation rate decreases lin-
early to zero at y = 1900 km. The relaxation profile (5) is
close to the temperature at the northern boundary in sim-
ulations that do not employ a sponge layer. Our results
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Fig. 2. Time- and zonal-mean zonal velocity u of our reference
simulation in statistically steady state. The contour interval is
2 cm s−1 and the u = 0 contour is plotted in white.

are largely insensitive to changes in the prescribed temper-
ature at the ocean bed, particularly over the continental
shelf and slope. However, if a very cold (. −0.5 ◦C) relax-
ation temperature is prescribed then AABW exported from
the shelf may no longer be dense enough to sink beneath
the coldest waters at the northern boundary.

Our horizontal grid spacing of approximately 5 km is
much smaller than the first Rossby radius of deformation
in the ACC, which is around 20 km. We therefore resolve
the range of lengthscales that are unstable to baroclinic
instability (Vallis 2006), which is the primary mechanism
of eddy generation in the model. On the continental shelf
the initial deformation radius may be as small as 5 km, but
experiments with grid spacings as small 1 km do not lead
to any substantial change in the eddy heat transport on
the continental shelf.

The zonal wind stress (4) drives a strong eastward jet
in the north and a weaker westward jet over the slope
that are qualitatively similar to the ACC and ASF respec-
tively (Nowlin Jr and Klinck 1986; Muench and Gordon
1995). We visualize this in Figure 2 using the time- and
zonal-mean zonal velocity, u. Throughout this article we
denote zonal and time averages as •x ≡ L−1

x

∮

•dx and

• t ≡ T−1
∫ t0+T

t0
• dt respectively, where T = 30 yr unless

otherwise stated and t0 is any time at which the simula-
tion’s total kinetic energy has reached a statistically steady
state. We employ an unlabeled overbar as a shorthand for

a zonal- and time-average, • ≡ • t
x
, which we will refer to

as the “mean” for convenience. The mean zonal velocity u
is in thermal-wind balance, to a very good approximation,
with the mean temperature, which is shown in Figure 3(a).
In particular, our model captures the steeply-sloping ‘V’-
shaped isopycnals over the continental shelf break (Thomp-

4



y (km)

z
(k
m
)

 

 

0 500 1000 1500
−3

−2.5

−2

−1.5

−1

−0.5

0

0

1

2

3

4

5

θ (◦C)(a) y (km)

z
(k
m
)

 

 

0 500 1000 1500
−3

−2

−1

0

−1

−0.5

0

0.5

1

ψ† (m2/s)(b)

Fig. 3. Mean stratification (a) and residual overturning streamfunction (b) for our reference simulation. In (b) the dotted and
solid lines highlight positive and negative streamlines respectively, with a contour interval of 0.25m2 s−1. An overturning of 1m2 s−1

corresponds to 1 Sv over the 1000 km channel length.

son and Heywood 2008).
The real ocean bed varies over a wide range of hori-

zontal and vertical lengthscales, and extracts momentum
from the ACC via form drag (Ferreira et al. 2005). In
our simulations this is achieved via a linear bottom fric-
tion rb = 1.1 × 10−3 ms−1, so the mean basal velocity
reaches 20 cm s−1 in the center of the ACC. This leads to a
very large barotropic zonal transport of ∼ 330 Sv between
y = 800 km and y = 2000 km, defined relative to a refer-
ence level at z = −H. However, the corresponding baro-
clinic transport of 80m2 s−1 is much closer to ∼ 130m2 s−1

transport of the real ACC (Nowlin Jr and Klinck 1986). By
contrast the total zonal transport beneath the polar easter-
lies (between y = 200 km and y = 800 km) is approximately
−0.7m2 s−1 because the narrow westward ASF jet is abut-
ted on both sides by strong eastward surface currents. We
explain this structure dynamically using RMT in §5.

b. Overturning circulation

We diagnose the MOC using the meridional transport
within isopycnal layers, defining the overturning stream-
function ψ as (Döös and Webb 1994; Abernathey et al.
2011)

ψ(y, θ) =

∫ z′=0

θ′=θ

v dz′, (6)

where z′ and θ′ are variables of integration. Figure 3(b)
shows ψ mapped back to y/z-coordinates approximately
using ψ†(y, z) = ψ

(

y, θ(y, z)
)

(McIntosh and McDougall
1996). The MOC forms two superposed overturning cells:
an upper (clockwise) cell and a lower (counter-clockwise)
cell. If the plotted overturning cells extended around a
∼ 17, 000 km latitude band at 65 ◦S, the cells would each

have a net transport of around 10 Sv, comparable to obser-
vations (Lumpkin and Speer 2007).

The MOC is closely aligned with the mean isotherms in
the ocean interior, where diapycnal mixing is weak. Strong
diapycnal mixing and surface heat fluxes allow the MOC to
cross mean isotherms rapidly in the mixed layer, as does the
imposed temperature relaxation on the continental shelf
and at the northern boundary. The streamlines of ψ must
also cross isopycnals along the ocean bed because this is
the pathway of dense water exported from the continen-
tal shelf. Although the basal streamlines cross a much
smaller range of temperatures than those in the surface
mixed layer, this transformation of water masses neverthe-
less requires a large diapycnal diffusivity (Ito and Marshall
2008).

c. Export of AABW

In Figure 4(a) we present a Hovmöller diagram of the

depth-averaged temperature θ
z
= h−1

∫ 0

−h
θ dz in our ref-

erence simulation at y = 300 km. The ubiquitous streaks of
relatively warm and cold water correspond to eddies cross-
ing this line of latitude southward and northward respec-
tively. Zhang et al. (2011) found similar patterns of tracer
export from a bay on the continental shelf in an idealized
two-layer configuration. Export of the coldest water is con-
centrated between x ≈ −100 km and x ≈ 250 km, centered
around 75 km eastward of the most rapid bottom water
formation at x = 0. This is due to advection of eddies
by the mean zonal velocity, which is around 2 cm s−1 at
this latitude and is visualized by the diagonal streaks in
Figure 4(a).

We quantify the eddy heat transport in Figure 4(b) by
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defining the vertically-integrated meridional heat flux

qy
t =

∫ z=0

z=−h

dz vθ
t
=

∫ z=0

z=−h

dz
{

v t θ
t
+ v′θ′

t
}

, (7)

which we have decomposed into mean and “eddy” compo-
nents. Here primes ′ denote deviations from the time mean,

e.g. θ′ = θ − θ
t
. The time average is taken over 130 years

in statistically steady state to minimize the influence of
topographic Rossby waves whose propagation speeds are
very close to that of the slope current. The imposed cool-
ing on the shelf leads to a patch of denser water forming
in the region x2 + y2 . Lc, visible in Figure 1. This gives
rise to a mean eastward baroclinic flow, via thermal wind
balance, that transports water off the shelf in x < 0 and
onto the shelf in x > 0. This accounts for the zonal asym-
metry in the mean component of qy

t in Figure 4(b). The
eddy component of qy

t is everywhere negative and corre-
sponds to a southward heat transport that is most intense
at x ≈ 75 km, as suggested by Figure 4(a).

In Figure 4(c) we plot the time- and zonal-mean merid-
ional heat flux qy as a function of latitude. The northern
surface heating and southern surface/shelf cooling lead to
a southward heat transport over most of the domain. In
the ACC, the net heat flux is small compared to the large
northward mean and southward eddy heat fluxes. On the
continental shelf the heat transport is dominated by eddies,
transporting cold water northward to the shelf break. On
the continental slope the eddy heat transport vanishes, and
downslope flow takes place in a frictional bottom boundary
layer. The mean down-slope velocity between y = 400 km
and y = 600 km is 0.9 cm s−1, and the mean along-slope
velocity is −0.63 cm s−1. Outflowing dense water takes
around 403 days to traverse the slope, during which it trav-
els around 2300 km westward.

3. Residual-mean theory

To develop a theory of our model overturning circula-
tion, we conceptually decompose the model domain into a
surface mixed layer of depth Hm, a shelf cooling region of
meridional extent Lc, a bottom boundary layer of thick-
ness Hb, and the ocean interior. Figure 5 illustrates this
decomposition and the assumed temperature stratification
in the surface mixed layer and shelf cooling region. For
convenience we define a translated system of Cartesian co-
ordinates (ỹ, z̃) = (y − Lc, z +Hm), in which (0, 0) lies at
the upper southern corner of the ocean interior.

a. Residual-mean equations

We derive the core equations of residual-mean theory
following Marshall and Radko (2003, 2006). Averaging the
material conservation equation for temperature, we obtain

J(ψ†, θ) = Sθ +∇ · (κ∇θ), ψ† = ψ + ψ⋆, (8)

t (years)

x
(k
m
)
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Fig. 4. Panel (a) a shows a Hovmöller diagram of the depth-
averaged temperature in our reference simulation at y = 300 km.
Note the change in colour scale from Figure 1. Panel (b) shows
the time-mean meridional heat flux qy

t across y = 300 km.
Panel (c) shows the time- and zonal-mean heat flux qy as a
function of latitude.

where ∇ ≡ (∂ỹ, ∂z̃) is the two-dimensional gradient opera-
tor. The mean temperature θ is advected by the residual
streamfunction, subject to mean temperature sources/sinks
Sθ and mixing κ across temperature surfaces. Following
Marshall and Radko (2003), we relate the mean stream-
function ψ in the ocean interior to the surface wind stress,

ψ = − τ(ỹ)
ρ0f0

, (9)

which is valid in our zonally-periodic domain in the limit of
vanishingly small Rossby number and viscosity. We have
also approximated f by its reference value f0.

The eddy streamfunction ψ⋆ and diapycnal diffusivity
κ are defined as the components of the advective eddy heat
flux directed along and across mean isotherms respectively
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Fig. 5. Schematic of the continental shelf. Dashed lines il-
lustrate the conceptual division of the domain into a mixed
layer, a cooling region, a bottom boundary layer (BBL), and
the interior. Thin solid lines indicate the assumed temperature
stratification in the mixed layer and in the shelf cooling region.

(Plumb and Ferrari 2005),

ψ⋆ =
v
′θ′ ×∇θ
|∇θ|2

, κ = −v
′θ′ · ∇θ
|∇θ|2

. (10)

To close (8) we parameterize the eddy heat flux v
′θ′ fol-

lowing Gent and McWilliams (1990), assuming that eddies
transport heat down the meridional temperature gradient,

v′θ′ = −K∂θ

∂ỹ
, =⇒ ψ⋆ = (K − κ)sθ. (11)

Here K > 0 is the isopycnal or eddy diffusivity and sθ =
−∂ỹθ/∂z̃θ is the isotherm slope. This definition of ψ⋆ dif-
fers from that used by Marshall and Radko (2003) by a
term proportional to κ. We will later neglect this term
under the assumption of small aspect ratio.

A basic constraint on the streamfunctions ψ and ψ⋆ is
that the instantaneous mass and heat transports through
solid boundaries should be zero. In our zonally-symmetric
domain this constraint may be satisfied by imposing

ψ = 0, ψ⋆ = 0, ∇θ · n̂ = 0 on ∂S, (12)

where ∂S denotes the domain boundary and n̂ denotes
the unit normal vector. In the Appendix we employ (12)
to derive boundary conditions for the surface mixed layer,
the shelf cooling region, the ocean bed, and the northern
relaxation region.

b. Nondimensionalization

To simplify our analysis of the residual-mean equation
(8), we nondimensionalize using the following scales (Nikurashin

and Vallis 2011),

ψ†, ψ⋆, ψ ∼ τ0
ρ0|f0|

, ỹ ∼ L̃y, z̃ ∼ H̃, τ ∼ τ0,

θ ∼ θ0, Θm ∼ θ0τ0

ρ0|f0|L̃y

, Vc ∼
τ0

ρ0|f0|H̃
, (13)

κ = κ0k, K =
L̃yτ0

H̃ρ0|f0|
Λ, ε =

κ0L̃yρ0|f0|
H̃τ0

, µ =
H̃

L̃y

.

Here H̃ = H −Hm, κ0 > 0, τ0 > 0, and f0 < 0 are scales
for the depth, diapycnal diffusivity, wind stress and Cori-
olis parameter respectively. The downward surface heat
flux Θm and shelf piston velocity Vc are defined in the Ap-
pendix. We denote dimensionless variables using a hat ˆ.
The dimensionless isopycnal and diapycnal diffusivities, Λ
and k, may vary arbitrarily and will be discussed in §4.
For typical parameter values of K = 2000m2 s−1, κ0 =
1 × 10−4 m2 s−1, τ0 = 0.2Nm−2, and f0 = 1 × 10−4 s−1,
we obtain Λ ≈ 1.7, ε = 3 × 10−2 and µ ≈ 1.7 × 10−3.
Neglecting terms of O(µ2) throughout, the dimensionless
residual-mean equations and boundary conditions may be
summarized as

J(ψ̂†, θ̂) = ε
∂

∂ẑ

(

k
∂θ

∂ẑ

)

, (14a)

ψ̂† = ψ̂ + ψ̂⋆, ψ̂⋆ = ΛŝθFb(ẑ), ψ̂ = τ̂Fb(ẑ), (14b)

ψ̂†(ŷ, 0) =

(

∂θ̂

∂ŷ
(ŷ, 0)

)−1

Θ̂m(ŷ), (14c)

ψ̂†(0, ẑ) = V̂c
(θ̂(0, ẑ)− θ̂c)

∂ẑ θ̂(0, ẑ)
I(ẑ), (14d)

∂θ̂

∂ẑ
(0,−ĥ) = 0, (14e)

θ̂(1− L̂n, ẑ) = θ̂n(ẑ). (14f)

The derivation of boundary conditions (14c)–(14f) is given
in the Appendix, as are the definitions of the vertical struc-
ture functions Fb(z) and I(z).

4. Isopycnal and diapycnal diffusivities

In this section we develop a parameterization for K and
κ that is suitable for our model problem. Ideally our theory
should not be conditioned by our simulations, so that their
results may be fairly compared. However, our simulations
exhibit dramatic changes in K over the continental slope,
and in κ close to the ocean bed, which our theory must ad-
dress in order to capture key features of the stratification
and overturning circulation. We therefore motivate pa-
rameterizations of K and κ using our reference simulation,

7



−15 −10 −5 0 5 10 15
10

0

10
1

10
2

10
3

δ

K
(m

2
/s
)

 

 

Diagnosed

QG theory

Parameterization

Fig. 6. Eddy diffusivity K diagnosed via (11) from our refer-
ence simulation (points), constructed via (16) from 2-layer baro-
clinic instability theory (dashed line), and as given by our pa-
rameterization (17) with K0 = 2000m2 s−1 (solid line). There
are few diagnosed values of K between δ = −3 and δ = 0
because in this simulation the isotherm slope is only positive
where the continental slope is very steep.

described in §2, and then test the theory against simula-
tions with a range of different surface wind stress profiles
in §6. In this section we return to dimensional variables
for convenience.

a. Eddy fluxes over the continental slope

Recent studies using numerical simulations (Isachsen
2011) and laboratory experiments (Pennel et al. 2012) have
shown that sloping topography may stabilize coastal cur-
rents because it suppresses baroclinic instability. Following
Isachsen (2011) and Pennel et al. (2012), we quantify this
effect using the topographic parameter δ,

δ =
sb
sθ
, (15)

where sb = −dyh and sθ = −∂yθ/∂zθ as in §3. Isachsen
(2011) constructed an eddy diffusivity using the growth
rates of the Eady problem over a sloping bottom using the
approach of Stone (1972),

K(δ) ∝ max{σ} · λ2
∣

∣

σ=max{σ}
. (16)

Here σ is the growth rate and λ is the wavelength. In Fig-
ure 6 we plot K against δ, as diagnosed from our reference
simulation at all points in the y/z plane via (11), excluding
those in the surface mixed layer and in the lowest grid cells.
We also plot the theoretical diffusivity (16) from the 2-layer
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Fig. 7. Mean vertical diffusivity profiles supplied by KPP
(points) and diagnosed directly from the heat fluxes in our ref-
erence simulation (dashed-dotted line), and our theoretical pa-
rameterization (18) of κ (solid line).

quasigeostrophic (QG) equations with equal layer depths
(see e.g. Pavec et al. 2005; Pennel et al. 2012), rescaled to
fit the simulation data approximately.

The diagnosed K in Figure 6 is qualitatively similar to
the results of Isachsen (2011) for δ ≥ 0, but differs for δ < 0.
In our simulations the baroclinic stability may be altered
by the strong depth-dependence of the isopycnal slope sθ
in regions where δ < 0, in contrast to the experiments of
Isachsen (2011). The QG theory predicts that K should be
zero for δ > 1, and that K → 0 as δ → −∞, whereas the
diagnosed K is non-zero as δ → ±∞. This results in the
smooth temperature extrema over the continental shelf in
Figure 3(a). However, it should be noted that the variation
in depth in our simulations lies well outside the range of
validity of QG theory.

Further work is required to develop an accurate param-
eterization of eddy transports over the continental slope,
but such an undertaking is beyond the scope of this paper.
Instead, we parameterize heuristically the dramatic reduc-
tion in K when sb becomes comparable to sθ. Our goal is
to capture the key features of K(δ) in our reference sim-
ulation in order to develop a simple theory of the model’s
overturning and stratification. Specifically, we choose

K = K0

(

1 + 1
2

√

(1− |δ|)2 + 4γ2|δ|2

− 1
2

√

(1 + |δ|)2 + 4γ2|δ|2
)

, (17)

where γ ≪ 1 and K0 is constant. When γ = 0, (17) sim-
plifies to K = K0(1− |δ|)H(1− |δ|), where H denotes the
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Heaviside function. In this case K = 0 for |δ| > 1, similar
to the QG theory when δ > 0. For nonzero γ, (17) has the
property that K = γK0 + O

(

γ2
)

for δ = 1, so K is re-
duced by a factor of γ when the isopycnal and topographic
slopes have the same magnitude. In the limit δ → ±∞,
(17) asymptotes to K → 2γ2K0. In Figure 6 we plot (17)
for the case γ = 0.05; we use this value in all solutions
presented in this paper.

b. Deep diapycnal mixing

In our simulations we prescribe a uniform vertical dif-
fusivity of κv = 5 × 10−6 m2 s−1, so cross-isopycnal flow
in the deep ocean is achieved via a combination of convec-
tive mixing and grid-scale numerical diffusion due to the
flux-limited temperature advection scheme. In Figure 7 we
plot as a function of depth the mean diffusivity supplied by
KPP (κKPP), where the mean has been taken in x, t, and
over y ∈ [800 km, 1900 km]. For comparison, we also plot
the diffusivity diagnosed directly from the cross-isotherm
component of the mean meridional and vertical eddy heat
fluxes (κmean) via (10).

The rapid increase in κ close to the ocean bed results
in a diffusive heat sink on the right-hand side of (14a),
which must be balanced by residual advection down the
mean temperature gradient. This gives rise to the intense
(∼ 1.7m2 s−1) recirculating overturning cell visible at the
bottom of Figure 3(b). The magnitude of κmean, and there-
fore of the deep recirculation, may be reduced by increasing
the vertical resolution and employing an alternative tem-
perature advection scheme (see Hill et al. 2012). However,
these modifications change ψ by at most 1–2% everywhere
else in the domain, particularly over the continental shelf
and slope.

The diagnosed diffusivity profiles κKPP and κmean mo-
tivate the following choice of κ for RMT,

κ(y, z) = κ0+
1
2
(κb−κ0)

[

1− tanh

(

z + h− Zκ

Hκ

)]

, (18)

where κ0 = 5 × 10−6 m2 s−1, κb = 1 × 103 m2 s−1, Zκ =
250m, and Hκ = 50m. The diffusivity profile in the ACC
is shown in Figure 7. This parameterized deep diapycnal
mixing may be viewed as an artifice of our numerical con-
figuration. However, strong diapycnal mixing is required
for bottom water to cross isopycnals close to the ocean bed
(Ito and Marshall 2008), and κ has been observed to in-
crease by two or more orders of magnitude in parts of the
Southern Ocean (Garabato et al. 2004). Furthermore, our
residual-mean solutions in §5 develop unrealistically strong
stratification unless κ is comparable to the profile shown
in Figure 7.

5. Solution of the residual-mean equations

a. Numerical solutions in terrain-following coordinates

We create an iterative scheme to solve (14a)–(14f) by
introducing an artificial time derivative into (14a), follow-
ing Nikurashin and Vallis (2011, 2012),

∂θ̂

∂t̂
+ J(ψ̂†, θ̂) = ε

∂

∂ẑ

(

k
∂θ̂

∂ẑ

)

. (19)

Here the scale for time t is ρ0|f0|LH̃/τ0 ∼ 80 yr. We

rewrite θ̂ as a function of y and ζ, where ζ = (z/h)H is
a terrain-following vertical coordinate, then discretize (19)
on an Arakawa C-grid and apply the finite-volume scheme
of Kurganov and Tadmor (2000). We integrate forward
in time using the total variation diminishing Runge-Kutta
scheme of Shu and Osher (1989) until the computation
reaches a steady state.

In Figure 8 we plot the stratification and overturning
circulation computed using parameters appropriate to our
reference simulation, with K0 = 2000m2 s−1. This solu-
tion, and all of those described below in §6, have been
computed on a numerical grid of 150 × 150 points. Our
theory captures the qualitative features of the stratifica-
tion and overturning circulation throughout the domain.
The region of anomalously weak overturning adjacent to
the continental slope is due to our simplified parameteri-
zation (18) of deep diapycnal mixing. This region may be
corrected using a more sophisticated parameterization that
permits latitudinal variation of κb, Hκ and Zκ, but it has
little impact on our results. Both our theory and our eddy-
resolving simulations predict upper and lower overturning
cell strengths of around 0.6m2 s−1 and 0.5m2 s−1. In §6
we quantify the predictive skill of our theory over a range
of surface wind stress profiles.

b. Structure of the Antarctic Slope Front

In the limit of vanishingly small diapycnal mixing (ε→
0), the residual-mean temperature equation (14a) may be
solved asymptotically along individual isotherms. We rewrite
(14a)–(14f) in ŷ/θ̂ coordinates via the transformation ẑ =

ẑ(ŷ, θ̂), ψ̂† = ψ̂†(ŷ, ẑ(ŷ, θ̂)), under which the isotherm slope
ŝθ may be written as

∂ẑ

∂ŷ

∣

∣

∣

∣

θ̂

= ŝθ = −∂ŷ θ̂
∂ẑ θ̂

. (20)

We will integrate this equation to determine the shapes of
isotherms that originate from the shelf cooling region at
ŷ = 0. The isotherm slope ŝθ is determined via (14b) as

ŝθΛ(ŝθ) = ψ̂†(ŷ, θ̂)− τ̂(ŷ). (21)

Here we assume for simplicity that the isotherm enters
neither the bottom boundary layer nor the surface mixed
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Fig. 8. As Figure 3, but with θ and ψ† calculated numerically via RMT using (19). All quantities have been re-dimensionalized
for ease of comparison.

layer, so Fb(ẑ) ≡ 1. To determine the change in ψ̂† along

the isotherm, we use (20) to write the Jacobian J(ψ̂†, θ̂) as

J(ψ̂†, θ̂) =
∂θ̂

∂ẑ





∂ψ̂†

∂ŷ

∣

∣

∣

∣

∣

ẑ

+ ŝθ
∂ψ̂†

∂ẑ

∣

∣

∣

∣

∣

ŷ



 =
∂θ̂

∂ẑ

∂ψ̂†

∂ŷ

∣

∣

∣

∣

∣

θ̂

, (22)

where the rightmost equality follows from an application
of the chain rule. Substituting (22) into (14a) yields an

equation for the rate of change of ψ̂† along isotherms, which
we solve via an asymptotic expansion in ε,

∂ψ̂†

∂ŷ

∣

∣

∣

∣

∣

θ̂

= O(ε) =⇒ ψ̂† = ψ̂†
0(θ̂) +O(ε), (23)

where ψ̂†
0(θ̂) = ψ̂†(0, ẑ(0, θ̂)) ≤ 0 by the shelf boundary

condition (14d).
As Λ > 0 for all δ, it follows from (21) that the sign of

the isotherm slope is determined by the relative strengths
of the mean and residual streamfunctions, or sign(ŝθ) =

sign(ψ̂†
0 − τ̂) to leading order in ε. If the residual stream-

function is stronger than the wind-driven overturning on
the slope, ψ̂†

0(θ̂) < τ̂ACC = miny {τ̂}, then ŝθ < 0 for all
y, and so the isotherm does not form a ‘V’ shape. This
accurately describes the coldest isotherms emanating from
the shelf in Figures 3(a) and 8(a). If the residual stream-
function is weaker than the wind-driven overturning on the
slope, τ̂ACC < ψ̂†

0 < 0, then the form of the surface wind
stress (4) means that ŝθ changes sign twice between ŷ = 0
and ŷ = L̂ASF. This presents as a ‘V’-shaped ASF in Fig-
ures 3(a) and 8(a). The sharpness of the ‘V’ is accentuated
due to the reduction in Λ by a factor of around 40 over the
continental slope, due to suppression of baroclinic instabil-
ity (Isachsen 2011).

To emphasize the role of eddy suppression in shaping
the ASF, in Figure 9(a) we plot the residual-mean strati-
fication produced by a uniform isopycnal diffusivity. The
shelf and slope stratification no longer resembles the struc-
ture diagnosed from our reference simulation (see Figure 3),
and the warmer shelf water doubles the strength of the
deep overturning circulation (not shown). If there is no

bottom water formation on the shelf (ψ̂†(0, z) ≡ 0) then
(21) yields ŝθ > 0. In this case the isotherms originat-
ing from the northern boundary would simply plunge into
the continental slope, as observed in the Eastern Weddell
Sea (Chavanne et al. 2010) and other parts of the Antarc-
tic margins where the continental shelf is narrow (Whit-
worth III et al. 1998). This configuration is illustrated in
Figure 9(b), which shows the residual-mean stratification
produced by setting the surface buoyancy forcing and shelf
cooling to zero.

c. A constraint on the deep overturning strength

Even under an expansion in ε the system (20)–(21) re-
mains analytically intractable. We therefore pose an addi-
tional asymptotic expansion of our isopycnal diffusivity Λ
in the parameter γ,

Λ(ŝθ) = Λ0 (1− |δ|)H (1− |δ|) +O(γ2), (24)

where δ = ŝb/ŝθ as in §4. Substituting this expansion into
(21) yields

ŝθ =
ψ̂†
0 − τ̂

Λ0

+ sign(ψ̂†
0 − τ̂)|ŝb|+O(ε, γ2). (25)

Substituting this approximation into (20), we may inte-
grate exactly to obtain the change in isotherm height above

10



y (km)

z
(k
m
)

500 1000 1500
−3

−2.5

−2

−1.5

−1

−0.5

0

y (km)

z
(k
m
)

 

 

500 1000 1500
−3

−2.5

−2

−1.5

−1

−0.5

0

−1

0

1

2

3

4

5

6

(a) θ (◦C)(b)

Fig. 9. Plots of the residual-mean temperature stratification, corresponding to our reference simulation with alternative parameter
choices. In (a) we have assumed a uniform isopycnal diffusivity K = 2000m2 s−1 everywhere, including over the continental slope.
In (b) we have turned off the forcing on the continental shelf (Vc = 0) and at the ocean surface (Θm = 0), so the residual overturning
is vanishingly small.

the ocean bed between the southern and northern bound-
aries,

[

ẑ − ĥ
]ŷ=1

ŷ=0
=

1

Λ0

(

ψ̂†
0 − 1

2
τ̂ASFL̂ASF − 1

2
τ̂ACCL̂ACC

)

+ 2(1− Ĥs) tanh

(

ξL̂ASF

2Ŵs

)

+O(ε, γ2), (26)

where Ĥs = H̃s/H is the dimensionless shelf depth ex-
cluding the surface mixed layer. Here we have ignored the
relaxation region close to the northern boundary for sim-
plicity, and the parameter ξ is defined as

ξ =















2

π
cos−1





√

ψ̂†
0

τ̂ASF



 , τ̂ASF ≤ ψ̂†
0 < 0,

0, ψ̂†
0 ≤ τ̂ASF.

(27)

Due to the formation of dense water on the continental
shelf, colder water exists at the southern boundary than at
the northern boundary. In ŷ/θ̂ coordinates, any isotherm

ẑ(ŷ, θ̂) that originates from these depths at the southern

boundary (ẑ(0, θ̂) < ẑ0) must enter the bottom boundary

layer before it reaches ŷ = 1, so we require that ẑ(1, θ̂) <
−1. A necessary condition is that the left-hand side of
(26) must be less than zero. Therefore, the right-hand
side of (26) must be less than zero, to leading order in
ε and γ2. This serves to constrain the strength of the
deep overturning circulation, measured by ψ̂†

0. By setting

the right-hand side of (26) to zero and solving for ψ̂†
0, we

predict the sensitivity of the deep overturning circulation
to changes in the polar easterlies τASF. In Figure 12(b)

this prediction is compared with those of our numerical
RMT solutions and our eddy-resolving simulations. The
last term on the right-hand side of (26) typically dominates
the others unless ξ = 0, so an approximate constraint is
that ψ̂†

0(θ̂) . τ̂ASF, or in dimensionless variables,

max
ỹ=0

∣

∣ψ†
∣

∣ &

∣

∣

∣

∣

τASF

ρ0f0

∣

∣

∣

∣

= ΨASF. (28)

This states that in order to form water on the continental

shelf that is dense enough to sink to the deep ocean bed, the

overturning must be stronger than the wind-driven Ekman

overturning circulation in the ASF. Note that if condition
(28) is satisfied then the deepest isotherms originating from
ỹ = 0 do not form a ‘V’ as they cross the continental slope,
as explained in the previous subsection. These results are
summarized in §7.

6. Sensitivity to surface wind stress

We now investigate the sensitivity of our eddy-resolving
simulations and residual-mean model to changes in the sur-
face wind stress. We define three sets of sensitivity experi-
ments by varying the wind stress parameters τACC and τASF

about their reference values.

a. Zonal transport

The zonal transport is the most fundamental measure
of the ACC and ASF, which are clearly identified in the
mean zonal velocity u for our reference simulation, shown
in Figure 2. We determine the zonal transport in our
residual-mean solutions from the temperature stratification
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Fig. 10. Sensitivity of the zonal transport (a) in the ACC (800 km ≤ y ≤ 1900 km) and (b) over the slope (200 km ≤ y ≤ 800 km)
to changes in the westerly wind strength τACC and easterly wind strength τASF respectively. The vertical dashed lines indicate our
reference simulation from §2.

via thermal-wind balance,

u = ub −
αg

f0

∫ z

−h

∂θ

∂y
dz′, ub =

τ

ρ0rb
. (29)

Here we have assumed that at each latitude, the mean
basal velocity ub = u|z=−h extracts all momentum input
by surface wind stress via bottom friction. It would be
more realistic to prescribe u|z=−h+Hb

and assume that the
wind-input momentum is removed by viscous stress in the
bottom boundary layer of thickness Hb, but (29) is a good
approximation.

In Figure 10(a) we plot the response of the zonal trans-
port in the ACC, defined as 800 ≤ y ≤ 1900 km, to changes
in the mid-latitude westerly wind strength τACC. The barotropic
component is simply the basal velocity, and is slightly smaller
in the RMT solutions than in our simulations. The baro-
clinic transport in our simulations is almost completely in-
dependent of τACC, indicating that our model ACC is in
an “eddy-saturated” regime (Meredith et al. 2011). This
is partially a consequence of the thermal relaxation at the
southern and northern boundaries, which inevitably leads
to a meridional temperature gradient across the domain.
In RMT, the isotherm slope is given by (21). In the ACC
K ≡ K0 is constant and ψ typically dominates ψ†, so
K0 must vary approximately linearly with τACC in order
to leave sθ unchanged. We therefore prescribe the eddy
diffusivity scale K0 in (17) as

K0 = Kref

τACC

τref
, (30)

where Kref = 2000m2 s−1 and τref = 0.2Nm−2. The
resulting RMT-predicted stratification yields a baroclinic
zonal velocity that agrees very closely with our simulations,

as shown in Figure 10(a). We obtained equivalent RMT
solutions that hold K0 fixed across all values of τACC, and
found that the baroclinic transport varied by around 40 Sv
between τASF = 0.1Nm−2 and τASF = 0.3Nm−2.

In Figure 10(b) we plot the response of the zonal trans-
port over the continental slope, defined as 200 ≤ y ≤
800 km, to changes in the polar easterly wind strength τACC.
The net transport is close to zero in our reference simula-
tion due to the surface-intensified eastward jets surround-
ing the ASF, visible in Figure 2. In this case the RMT
barotropic velocity is consistently around 25% smaller than
the basal velocity in our simulations. This is due to a net
northward flux of zonal momentum from the slope to the
ACC, resulting in the basal velocities in both regions ex-
ceeding that predicted by (29). The discrepancy is more
noticeable in Figure 10(b) due to the smaller volume of the
slope region. The baroclinic slope transports follow quali-
tatively similar patterns, but RMT consistently predicts a
transport that is 30–50 Sv too large. This arises because
the residual-mean solutions tend to form sharper temper-
ature gradients close to the topography at the shelf break,
resulting in a larger positive zonal velocity throughout the
water column above. For τASF ≥ 0 the baroclinic transport
is insensitive to the wind stress, and the stratification and
overturning closely resemble those shown in Figure 11.

b. Overturning circulation

The MOC in our eddy-resolving simulations has a broadly
similar presentation to that shown in Figure 3(b) for all
parameter combinations considered here. We quantify the
strength of the upper overturning cell following Abernathey
et al. (2011), defining Ψupper as the largest value of ψ†

anywhere in the domain. We quantify the lower overturn-
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Fig. 11. As Figure 3, but for τASF = 0.

ing cell following Stewart and Thompson (2012); we re-
strict our attention to streamlines that extend from the
shelf cooling region at y = 200 km to y = 1900 km. We
then define Ψlower as the largest negative value of ψ† over
all such streamlines. This excludes the influence of the
deep recirculation visible in Figure 3(b), and measures the
net transport from the southernmost to the northernmost
edges of the model Southern Ocean.

Figure 12(a) shows the response of Ψupper and Ψlower

to changes in τACC, where again K0 is prescribed follow-
ing (30). The upper overturning cell exhibits a modest
sensitivity to changes in the mid-latitude westerlies in our
simulations, with a least-squares slope of 1.39m4 s−1 N−1.
Abernathey et al. (2011) obtained a somewhat larger sensi-
tivity of 2.6m4 s−1 N−1 using fixed surface buoyancy fluxes.
This discrepancy may be due to the range of temperatures
spanned by the upper cell, determined by the northern
boundary condition, and the relative positions of the wind
stress and surface heat flux maxima. The simulated strat-
ification and overturning over the continental shelf and
slope are not modified by changes in τACC, so Ψlower is rela-
tively insensitive. In RMT Ψupper has a similar magnitude
and increases with τACC, but the least-squares sensitivity
of 0.78m4 s−1 N−1 is only around half of that in the sim-
ulations. This discrepancy arises because the upper over-
turning is set at the surface by (14c), and the surface heat
flux Θm(y) is prescribed by (3) over all of our RMT so-
lutions. Thus changes in Ψupper are due entirely to the
surface temperature gradient, which differs visibly in Fig-
ures 3(a) and 8. A more sophisticated parameterization
of the ACC eddy diffusivity K is required to capture the
surface temperature gradient accurately, and thus predict
the sensitivity of Ψupper to changes in τACC.

Figure 12(b) shows that in both our simulations and in
our RMT, Ψupper is insensitive changes in τASF. Meanwhile

Ψlower varies rapidly for τASF < 0, with our GCM and RMT
predicting least-squares sensitivities of 5.97m4 s−1 N−1 and
6.44m4 s−1 N−1 respectively. We also plot the asymptotically-
derived constraint on Ψlower from §5, obtained by setting
the right-hand side of (26) to zero. This constraint pre-
dicts a stronger sensitivity of 9.80m4 s−1 N−1, very close
to that of the wind-driven mean overturning ψ over the
slope. This discrepancy is due to the neglect of diapycnal
mixing in (26), which intensifies the deep overturning close
to the ocean bed. For τASF ≥ 0 the deep overturning is
largely driven by surface heat flux, as shown in Figure 11.
In this regime the stratification is insensitive to τASF due
to eddy saturation over the continental slope, as shown in
Figure 10(b), and the surface heat flux Θm is fixed. Thus
Ψlower also becomes insensitive to τASF. Our RMT solu-
tions substantially overpredict the magnitude of Ψlower in
this regime because the simulated isotherms on the shelf
become too steep to be described by a constant eddy dif-
fusivity K0.

c. Cross-shelf heat flux

Figure 13 shows the zonally-averaged cross-shelf heat
flux qy for various wind strengths τASF over the continen-
tal slope (c.f. Figure 4). As in our reference simulation,
the eddy component of qy is much larger than the mean
component for all values of τASF. It is unsurprising that
the eddy heat flux follows a similar pattern to Ψlower be-
cause the overturning on the shelf is due to the exchange
of warm and cold eddies across the shelf break, as shown in
Figure 4. As v is confined to the surface mixed layer and
bottom boundary, the mean heat flux may be expected to
be approximately proportional to τASF and to the tempera-
ture difference between the surface and the shelf. The shelf
waters become weakly stratified for τASF ≥ 0, as shown in
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Fig. 12. Sensitivity of the overturning circulation to changes
in (a) the westerly wind strength τACC, and (b) the easterly
wind strength τASF. and

Figure 11, resulting in only a small northward heat flux in
this regime. Thus the net heat flux varies more rapidly
with τASF < 0 than with τASF ≥ 0. This is consistent
with the hypothesis that warm CDW inflow to the Ross
and Amundsen Seas is controlled by seasonal changes in
the offshore easterlies (Thoma et al. 2010; Dinniman et al.
2011), but seems to contradict the idea that changes in off-
shore westerly wind stress control CDW intrusions into the
Amundsen Sea (Thoma et al. 2008).

7. Conclusions

In this study we have developed eddy-resolving simu-
lations and a residual-mean theory for an idealized sec-
tor of the Southern Ocean, including a representation of
the Antarctic continental shelf and slope. Our theory in-
cludes boundary conditions for the surface mixed layer, the
shelf cooling region, the bottom boundary layer, and the
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Fig. 13. Sensitivity of the meridional heat flux across the shelf
break (y = 300 km) to changes in the wind stress τASF over the
continental slope.

northern relaxation region. Our simulations exhibit sup-
pression of baroclinic instability over the continental slope,
and strong diapycnal mixing close to the ocean bed. These
effects could not be predicted a priori, and are critical fea-
tures of the dynamics in this system, so our theory in-
corporates simple parameterizations for the isopycnal and
diapycnal diffusivities K and κ based on our reference sim-
ulation. Away from these regions K and κ are held con-
stant, yet the mean stratification and overturning in Fig-
ure 8 agrees convincingly with those diagnosed from of our
reference simulation in Figure 3. This study reinforces the
importance of resolving mesoscale eddies over the continen-
tal slope, or at least employing a careful parameterization
of their transport. The most frequently-used parameteri-
zations of K would not capture the behaviour of the ed-
dies in our simulations (see Isachsen 2011), and may be
expected to produce a qualitatively different stratification,
more closely resembling Figure 9(a) than Figures 3(a) or
8(a). Indeed, Figure 9(a) suggests that it is the suppres-
sion of baroclinic eddies over the continental slope that
permits our model ocean to form its densest water on the
continental shelf.

Residual-mean theory intuitively explains the sharp ‘V’-
shaped isopycnal structure that characterizes the ASF in
bottom water-forming regions of the Antarctic continen-
tal shelf (e.g. Thompson and Heywood 2008) as the result
of suppression of baroclinic instability over the continental
slope. The theory also accounts for stretches of the conti-
nental shelf where little or no dense water is formed, and
the shoreward side of the ‘V’ is absent (Whitworth III et al.
1998), as illustrated in Figure 9(b). Both our residual-
mean solutions and our eddy-resolving simulations predict
that the strength of the deep overturning circulation is con-
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flux over the continental slope, where K is greatly reduced due to suppression of baroclinic instability. Thus if denser water is to
emanate from the shelf than exists at the northern boundary, the deep MOC ψ† must be at least comparable to ΨASF on those
isotherms.

strained to be at least comparable in strength to the Ek-
man transport driven by the polar easterly winds. In §5
we showed via (28) that this is approximately equivalent to
requiring that the densest isopycnals emanating from the
continental shelf do not form a ‘V’ shape, but rather sink
down the continental slope and outcrop at the ocean bed.
The existence of such isopycnals is necessary to support
denser waters on the shelf than at the northern boundary.
These key results are illustrated schematically in Figure 14.

There are a number of potential improvements to the
admittedly idealized model described in this study, which
would help to generate more realistic flows. For example,
zonal variations in the bottom topography constitute an
important omission from our model configuration. Sub-
marine canyons may support geostrophic mean cross-slope
transports or turbulent down-slope currents, providing an
alternative route for AABW to escape the continental shelf,
and deep-ocean ridges may support geostrophic transport
of AABW across the ACC (e.g. Naveira Garabato et al.
2002). Such features could substantially alter the influ-
ence of the polar easterlies on the deep overturning cell,
and require further investigation. Another desirable addi-
tion would be the dependence of density on salinity, which

is particularly pronounced over the Antarctic continen-
tal shelf due to non-linearities in the equation of state
(Gill 1973). With sufficient resolution the importance of
the thermobaric effect on dense water formation and ex-
port could also be explored. Incorporation of sea ice and
ice sheets adds considerable complexity, but would ulti-
mately provide further insight into the dynamical processes
governing cross-shelf exchange. We purposefully kept our
residual-mean model as simple as possible to permit a fair
comparison with our simulations, and there is certainly
scope for improving our parameterizations of the eddy and
diapycnal diffusivities. For example, the simulated eddy
diffusivity K is accurately described by the parameteriza-
tion of Visbeck et al. (1997) everywhere except over the
continental slope. Whilst all of these aspects would entail
significant modifications to the theory developed here, the
success of RMT in reproducing the stratification and over-
turning in our simulations demonstrates its potential to
explain complex dynamical features like export of AABW
and the structure of the ASF.
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APPENDIX

Boundary conditions for residual-mean theory

a. The surface mixed layer

As shown in in Figure 5, we approximate the surface
mixed layer by assuming that the θ is independent of depth,
θ = θm(y) (Marshall and Radko 2003). Under this assump-
tion (8) becomes

−∂ψ
†

∂z̃

dθm
dỹ

=
∂Θ

∂z̃
+

∂

∂ỹ

(

κ
dθm
dỹ

)

, (A1)

where we have written the heat source Sθ as the vertical
divergence of a heat flux Θ. We denote the surface heat
flux as Θ|z̃=Hm

= Θm(ỹ) = −Q(ỹ)/ρ0Cp, where Cp =

4×103 JK−1 kg−1 is the specific heat capacity. We assume
that all of the surface heat flux is absorbed in the mixed
layer, so Θ = 0 at z̃ = 0. To obtain a boundary condition
for ψ, we integrate (A1) from z̃ = 0 to z̃ = Hm using
ψ† = 0 at z̃ = Hm,

ψ†
∣

∣

z̃=0
=

(

dθm
dỹ

)−1
[

Θm +
d

dỹ

(

dθm
dỹ

∫ Hm

0

κ dz̃

)]

.

(A2)
Thus the residual water mass exchange between the ocean
interior and the surface mixed layer is determined by the
surface heat input and meridional temperature gradient.

b. The shelf cooling region

The water on the continental shelf is subject to direct
thermal relaxation to a temperature of θc = −1◦C ,

Sθ = −T−1(θ
t − θc)

x

, − Lc ≤ ỹ ≤ 0, (A3)

where the timescale T is given by (2). This thermal re-
laxation results in a zonal asymmetry in the time-mean
temperature of the shelf waters, visible in Figure 1. In or-
der to evaluate (A3) exactly, we would need to prescribe
the three-dimensional temperature structure everywhere
on the shelf. Instead we derive an approximate boundary

condition for RMT under the assumption that the zonal

variations of θ
t
are small compared to its meridional and

vertical stratification. This amounts to replacing θ
t
with

θ in (A3), which may then be written as

Sθ ≈ (z̃ −Hm)
√
πLc

2TcHsLx

exp

[

−
(

ỹ + Lc

1
2
Lc

)2
]

(

θ − θc
)

, (A4)

Here we have used exp(−(x/ 1
2
Lc)2)

x

≈ √
πLc/2Lx to eval-

uate T−1
x
from (2), which holds because Lc ≪ Lx. We

further assume that the isotherm slope is uniform in the
cooling region, sθ ≡ sc = −H̃s/Lc, such that the coldest
isotherm connects (0,−H̃s) to (−Lc, 0), as shown in Fig-
ure 5. The shelf temperature may therefore be written as

θ(ỹ, z̃) = θ(0, z̃ − scỹ), − Lc ≤ ỹ ≤ 0, (A5)

so both θ and ∂z̃θ are constant along each isotherm. This
assumption may seem restrictive, but in fact (A5) is sim-
ilar to the mean shelf temperature in our simulations. In
§5–6 we show that the resulting boundary streamfunction
ψ†(0, z̃) agrees well with the simulated overturning circu-
lation over a range of wind stress parameters.

In general, given Sθ(ỹ, z̃) and θ(ỹ, z̃) everywhere in ỹ ∈
[−Lc, 0] and z̃ ∈ [−H̃s, Hm], we may determine the residual
streamfunction ψ†(0, z̃0) at any depth z̃0. We rewrite (8)
as a derivative of ψ† along the contour θ = θ(0, z̃0) (e.g.
Karsten and Marshall 2002),

∂ψ†

∂l
=

Sθ +∇ ·
(

κ∇θ
)

√

(

∂ỹθ
)2

+
(

∂z̃θ
)2
. (A6)

where l is an along-contour coordinate. Scaling analysis
suggests that the direct cooling Sθ should dominate diapy-
cnal mixing, and our simulations confirm that this is the
case. We therefore neglect the term proportional to κ in
(A6). We also neglect the portion of each isotherm that
lies within the mixed layer, where (z̃ − Hm)/Hs ≪ 1 is
small and so the cooling Sθ is weak. Prescribing the tem-
perature of the shelf waters using (A5), equation (A6) may
be written as

ψ†(0, z̃0) =

∫ 0

ỹ0

dỹ
Sθ

∂z̃θ

∣

∣

∣

∣

z̃=z̃0+scỹ

. (A7)

Here ỹ0 = Lcz̃0/H̃s is the position at which the isotherm
θ = θ(0, z̃0) meets the mixed layer at z̃ = 0. By assumption
(A5), θ(ỹ, scỹ) = θ(0, z̃0) and ∂z̃θ(ỹ, scỹ) = ∂z̃θ(0, z̃0) are
constant along each isotherm, so we may integrate (A7)
exactly to obtain

ψ†(0, z̃) = Vc
(θ(0, z̃)− θc)

∂z̃θ(0, z̃)
I(z̃), Vc =

√
πL2

cH̃s

2TcHsLx

. (A8)
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Here Vc is a velocity scale for the heat flux across ỹ = 0,
whose vertical structure is described by

I(z̃) = 1
8

[

exp(−4)− exp
(

−4(1 + z̃/H̃s)
2
)]

(A9)

+

√
π

4H̃s

(z̃ + H̃s −Hm)
[

erf(2)− erf
(

2
(

1 + z̃/H̃s

))]

.

Note that (12) still requires that ψ†(0,−h̃(0)) = 0 must be
satisfied at the bottom boundary.

c. The bottom boundary layer

In order to satisfy the no-flux boundary condition (12),
the wind-driven mean overturning ψ must adjust from its
interior form (9) to zero at z̃ = −h̃(ỹ), where h̃ = h−Hm.
In the real ocean this is achieved via a bottom Ekman layer,
which may be described analytically under the assumption
of a negligible horizontal buoyancy gradient (e.g. Pedlosky
1987; Vallis 2006). The bottom Ekman layer is not resolved
in our simulations, where instead ψ is closed via a mean
meridional transport through the lowermost grid cells. We
employ a simple representation of the bottom boundary
layer similar to that of Ferrari et al. (2008),

ψ = − τ(ỹ)
ρ0f0

Fb(z̃), (A10)

where

Fb(z̃) =







3

(

z̃h
Hb

)2

− 2

(

z̃h
Hb

)3

, 0 ≤ z̃h ≤ Hb,

1, Hb ≤ z̃h ≤ h.
(A11)

Here z̃h = z̃ + h̃ is the height above the topography. This
form ensures that ψ is continuous and differentiable at z̃ =
−h̃ +Hb, and that v = 0 at z̃ = −h̃. As ψ⋆ describes the
mass transport due to geostrophic eddies, it should also
vanish in the ocean’s bottom Ekman layer. We therefore
prescribe

ψ⋆ = KFb(z̃)sθ, (A12)

which effectively reduces the eddy diffusivity K to zero in
the bottom boundary layer. To satisfy all parts of (12), we
also require

∂θ

∂z̃
= sb

∂θ

∂ỹ
, on z̃ = −h̃, (A13)

where sb = −dỹh̃ is the slope of the bottom topography.

d. The northern boundary

In our simulations, the ocean temperature is relaxed
over the northernmost Ln = 100 km of the domain to a
prescribed exponential profile (5),

Sθ = −T−1
r

ỹ − L̃y + Ln

Ln

(

θ − θn(z̃)
)

, (A14)

for ỹ ≥ L̃y − Ln, where L̃y = Ly − Lc. The region ỹ ∈
[L̃y − Ln, L̃y] may thus be included directly in the RMT
solutions described in §5. However, in practice θ remains
very close to θn in this region, so for simplicity we prescribe
θ(L̃y − Ln, z̃) = θn(z̃).
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