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We investigate cross-equatorial flow of deep ocean currents through achannel along the sea floor using
the 11

2-layer or equivalent-barotropic shallow water equations. We restrict our attention to flows with
zero potential vorticity, motivated by measurements of the deep Atlantic ocean, and focus on the role of
the so-called non-traditional components of the Coriolis force due to the locally horizontal component
of the Earth’s rotation vector. These components are typically neglected intheoretical studies of ocean
dynamics. We first obtain steady asymptotic solutions in a straight-walled channel by assuming that
the channel half-length is much larger than the intrinsic lengthscale, the equatorial Rossby deformation
radius. The leading-order solution describes a current that switches from the western to the eastern side
of the channel as it crosses from the southern to the northern hemisphere. Including the non-traditional
component of the Coriolis force substantially increases the cross-equatorial transport as long as the flow is
everywhere northward, but substantially decreases the transport if part of the flow retroflects and returns
to the southern hemisphere. We compare our steady asymptotic solutions with time-dependent numerical
solutions of the non-traditional shallow water equations. We impose thea priori assumption of zero
potential vorticity by writing the fluid’s absolute angular momentum as the gradient of a scalar potential.
The time-average of our numerical solutions converges to our steady asymptotic solutions in the limit of
large channel length, with an error of only around 1% even when our asymptotic parameterε is equal
to 1. However, our solutions diverge when the layer depth is sufficiently small that portions of the flow
become super-critical. The resulting formation of steady shocks prevents the time-dependent solution
from approaching the asymptotic solution.

Keywords:
complete Coriolis force, cross-equatorial currents, zero potential vorticity, shallow water, asymptotic
solutions, finite-volume methods.

1 Introduction

Deep cross-equatorial ocean currents present a challenging dynamical problem from both oceanographic
and mathematical perspectives. Observational data are scarce, due to the difficulty in acquiring flow
measurements at depths of thousands of metres, and consequent long intervals between successive mea-
surements at the same location that thus fail to capture the variability of the flow. However, observa-
tions of the Antarctic Bottom Water (AABW) in the western Atlantic suggest that approximately 7Sv
(1Sv= 106m3s−1) of AABW flows northward across 30◦S, while 2Sv crosses the equator off the coast
of Brazil into the northern hemisphere (e.g.McCartney and Curry, 1993; Hall et al., 1994, 1997; Rhein
et al., 1998). The remainder flows east along the equator towards Africa.

That even 2/7 of the AABW crosses the equator is surprising from a theoretical standpoint. In the
absence of dissipation, the three-dimensional evolution equations for rotating, stratified fluids possess a
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materially conserved scalar, the Ertel potential vorticity (e.g.Müller, 1995). One expects dissipation to
be negligible on large scales, and for the potential vorticity to be dominated by a planetary contribution
that changes sign between hemispheres (see§2). The combination of this sign change with material
conservation strongly inhibits fluid elements from crossing the equator. For example, fluid elements in
Killworth’s (1991) model crossed no further than one equatorial deformation radius, a natural length-
scale defined in§2 below. Edwards and Pedlosky (1998) found that shallower currents, such as the North
Atlantic Deep Water, are constrained to cross the equator indeep western boundary currents dominated
by a turbulent dissipation that allows the necessary potential vorticity modification. General circulation
models cannot yet resolve the small-scale processes associated with bottom water flows in the abyssal
ocean, and so must represent them using bottom boundary layer parametrisations (seee.g.Griffies et al.,
2010).

The apparent paradox of significant cross-equatorial transport combined with material potential vor-
ticity conservation has motivated a series of theoretical and numerical investigations of the AABW and
other abyssal cross-equatorial flows using shallow water theory. Figure 1 shows the key features of
the ocean bathymetry through which the AABW flows. The dashedlines indicate a cross-equatorial
channel whose average profile is shown in Figure 2. Observations reported by McCartney and Curry
(1993) show a very small change in potential density anomalyfrom 45.8 to 46.0gkg−1 from 3000m
downwards, while the overlying water from 1000m down to 3000m shows potential density anoma-
lies ranging from 36.7 to 37.0gkg−1. The strong density contrast at around 3000m depth between
the AABW and the overlying Lower North Atlantic Deep Water motivates a model with two homoge-
neous layers, like that sketched in Figure 3. An active homogeneous layer, representing the AABW,
lies beneath a much deeper and relatively quiescent layer ina configuration known as a “112-layer” or
“equivalent barotropic” shallow water model. Borisov and Nof (1998) and Nof and Borisov (1998)
used this model to analyse the cross-equatorial flow of a narrow current in a broad parabolic channel,
a convenient approximation to the bathymetry shown in Figures 1 and 2. They showed that, depending
on the relative widths of the channel and current, the AABW either forms a steady current that switches
from one side of the channel to the other as it crosses the equator, or breaks up into a series of eddies
that exit the channel at both the northern and southern ends.Stephens and Marshall (2000) performed
numerical simulations of the frictional-geostrophic limit of the shallow water equations throughout the
Atlantic ocean. Their solutions describe a steady cross-equatorial current controlled by a balance be-
tween horizontal pressure gradients and bottom friction. Choboter and Swaters (2000, 2004) used both
the frictional-geostrophic and full shallow water equations to simulate AABW flow through an idealised
meridional channel, and through realistic equatorial bathymetry. They also included a lateral viscosity to
represent the effect of unresolved sub-grid-scale eddies.This viscosity permits steady cross-equatorial
flow via a dissipative modification of potential vorticity, but the frictional-geostrophic equations without
advection produce flows that are inconsistent with the measurements of Hall et al. (1997).

The dynamics of large-scale ocean currents are dominated bythe Coriolis force due to the Earth’s
rotation. However, the above studies all neglected the components of the Coriolis force due to the
locally horizontal component of the Earth’s rotation vector. Eckart (1960) named this approximation the
traditional approximation, because it was widely used but lacked theoretical justification. Subsequent
work has typically presented the traditional approximation as being valid when vertical lengthscales
are small compared with horizontal lengthscales (e.g. Gerkema et al., 2008) or when the buoyancy
frequencyN associated with stratification is large compared withf , the inertial frequency (e.g.Thuburn
et al., 2002). However, there has been a recent resurgence ofinterest in “non-traditional” effects, those
excluded by the traditional approximation, in various aspects of geophysical and astrophysical fluid
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FIG. 1. Large-scale features of the ocean bed in the region wherethe AABW crosses the equator. We have smoothed the
bathymetric data from Amante and Eakins (2009) via ten applications of a nine-gridpoint average. The dashed lines indicate the
cross-equatorial channel through which the AABW passes, and which serves as the motivation for this study.
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FIG. 2. Averaged profile of the channel highlighted by dashed lines in Figure 1. The average has been computed from the full
bathymetric data, rather than from the smoothed data shown in Figure 1.

dynamics, as reviewed by Gerkema et al. (2008).
The rotation vector is almost horizontal close to the equator, and the deep oceans contain regions of

very weak stratification withN. 10f , and much activity at near-inertial frequencies (Munk and Phillips,
1968; Fu, 1981). On larger scales, PEQUOD data show a depth-dependence for mean zonal velocities
in the equatorial ocean that is consistent with non-traditional effects (Hua, Moore, and Le Gentil, 1997).
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Stewart and Dellar (2011a) have shown that non-traditionaleffects, combined with the almost-westward
channel shown in Figure 1, relax the restriction on cross-equatorial flow imposed by conservation of
potential vorticity, and thereby permit larger fluxes of AABW into the northern hemisphere.

The present study aims to demonstrate the role of the non-traditional components of the Coriolis
force in transporting bottom water across the equator in an idealised setting, and to highlight the im-
portance of including non-traditional effects in more sophisticated models of the AABW. Our approach
is motivated by the work of Nof and Olson (1993), who obtainedsteady asymptotic solutions to the
shallow water equations in an idealised cross-equatorial channel. Stewart and Dellar (2011b) employed
a similar method to obtain solutions in a steep-sided channel with non-traditional effects, and showed
that the latter may account for up to 35% of the cross-equatorial transport of the AABW. The most
detailed solutions of Nof and Olson (1993), and all solutions in Stewart and Dellar (2011b), assume
that the potential vorticity is zero everywhere. This assumption is quite restrictive, particularly given
the importance of potential vorticity as a dynamical variable in large-scale ocean flows. However, Hua
et al. (1997) have shown that near-equatorial flows are subject to a symmetric instability unless the
non-traditional Ertel potential vorticity takes the same sign as the latitude. This instability tends to ho-
mogenise the flow back to a state of zero potential vorticity at latitudes within around 3◦ of the equator,
a conclusion supported by measurements of the deep equatorial Atlantic ocean (Firing, 1987).

Whilst the steady asymptotic solutions of Stewart and Dellar(2011b) provide an appealing and
intuitive description of cross-equatorial channel flow, itis not known whether these solutions would
arise as stable steady states of the full time-dependent shallow water equations. Our objective is to
determine the possible configurations of such a flow in an idealised cross-equatorial channel, under the
a priori assumption that the fluid adheres to a state of zero potentialvorticity. Furthermore, we aim to
illuminate the role of the non-traditional component of theCoriolis force in transporting fluid across
the equator. The structure of this paper is as follows. In§2 we review the 112-layer shallow water
equations with the complete Coriolis force. In§3 we reformulate the steady asymptotic solutions of
Stewart and Dellar (2011b) for a current that spans a walled channel with a flat base. This geometry
permits a straightforward comparison with time-dependentnumerical solutions, yet still approximates
the remarkably steep bathymetry close to the equator (seee.g.Hall et al., 1994). In§4 we use a finite-
volume numerical scheme to obtain time-dependent numerical solutions to the zero-potential vorticity
shallow water equations, an unusual combination of a conservation law and a Hamilton–Jacobi equation,
and compare the time-averaged current profiles with the asymptotic solutions. Finally, in§5 we discuss
our results and the outlook for future work in this area.

2 Equations and channel geometry

Following previous idealised studies of the AABW (seee.g.Nof and Olson, 1993; Nof and Borisov,
1998; Stephens and Marshall, 2000; Choboter and Swaters, 2004) we model the flow of a current through
a cross-equatorial channel using the 11

2-layer shallow water equations. These equations describe the
depth-averaged flow of an active layer of uniform densityρ beneath a deep, quiescent layer of uniform
densityρ −∆ρ , as illustrated in Figure 3. They thus permit a two-dimensional description of flow over
topography. In reality the AABW lies below the North Atlantic Deep Water, which flows southward
across the equator in the region shown in Figure 1 (Schott et al., 1993). However, the fastest-flowing
core of this current is attached to the western boundary, with much smaller velocities closer to the depth
of the AABW (about 4000m). For simplicity, we assume that theoverlying fluid is quiescent and restrict
our attention to the active abyssal layer.

We depart from previous work by using the non-traditional form of the 11
2-layer shallow water
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equations that includes the complete Coriolis force due to the Earth’s rotation. Non-traditional shal-
low water theory was developed by Dellar and Salmon (2005) and Stewart and Dellar (2010) for a
single and multiple layers respectively, and applied to theequatorial crossing of the AABW by Stew-
art and Dellar (2011a,b). We express our equations in Cartesian form using the non-traditional form
of the standard equatorialβ -plane approximation (e.g.Vallis, 2006). This approximation captures the
latitude-dependence of the traditional Coriolis parameter f = 2Ω sinΘ with latitudeΘ , while otherwise
avoiding the complexity of spherical geometry. Theβ -plane approximation setsf = βY⋆, whereY⋆ is
dimensional distance from the equator, andβ = 2Ω/RE in terms of the Earth’s radiusRE and absolute
rotation rateΩ . The non-traditionalβ -plane approximation takes the non-traditional Coriolis parameter
f̃ = 2Ω cosΘ to be constant (Grimshaw, 1975; Dellar, 2011).

We introduce dimensionless variables based on the internalgravity wave speedc and the equatorial
Rossby deformation radiusRd,

c=
√

g′H, Rd =
√

c/β . (2.1)

Here H is the characteristic vertical lengthscale of the active layer, andg′ = g∆ρ/ρ is the reduced
gravity. Our dimensionless variables are thus defined by

x⋆ = Rdx, y⋆ = Rdy, t⋆ = t/
√

βc u⋆ = cu, v⋆ = cv, h⋆ = Hh, (2.2)

where an asterisk denotes a dimensional variable. We quantify the significance of non-traditional effects
through the dimensionless parameter

δ = ΩH/c= Ω
√

H/g′, (2.3)

the ratio of the changeΩH in zonal velocity due to an angular momentum-conserving vertical displace-
mentH to the internal gravity wave speedc.

It is convenient to choose axes in which they axis makes a positive angleθ with the northward
direction, as illustrated in Figure 4. The dimensionless coordinateY = ycosθ + xsinθ then measures
the latitudinal distance from the equator, which lies atY = 0. We write the dimensionless 11

2-layer
shallow water equations in the vector-invariant form

ũt +hqẑ×u+∇Φ = 0, (2.4a)

ht +∇ · (hu) = 0. (2.4b)

Hereu = (u,v) is the depth-averaged horizontal velocity,h is the thickness of the active fluid layer, and
Φ is the Montgomery potential given by

Φ = 1
2u2+ 1

2v2+h+δh(vsinθ −ucosθ). (2.5)

The first term in (2.4a) is the time derivative of the absoluteangular momentum̃u = (ũ, ṽ), including
contributions from the Earth’s rotation,

ũ= u+(δh− 1
2Y2)cosθ , ṽ= v− (δh− 1

2Y2)sinθ . (2.6)

Equations (2.4a) and (2.4b) materially conserve potentialvorticity, i.e.Dq/Dt = 0 for

q=
1
h
(ẑ·∇× ũ) =

1
h
(Y+vx−uy−δ sinθ hx−δ cosθ hy) . (2.7)
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FIG. 3. Schematic of the 112 -layer shallow water model.

The first terms in (2.7) correspond to the traditional planetary vorticity Y that changes sign between
hemispheres, and the relative vorticityvx − uy of the fluid in a frame rotating with the Earth. The
additionalO(δ ) terms in (2.7) and (2.6) are non-traditional effects that account for the change in the
mean distance between fluid elements and the Earth’s rotation axis ash changes.

To facilitate comparison of our steady asymptotic and time-dependent numerical solutions, we ap-
proximate the bathymetric profile shown in Figure 2 by a uniform, walled channel with a flat bed.
Including a variable ocean bed would require additional terms proportional to the height of the bottom
topographyz= hb(x,y) in (2.4a)–(2.7) (see Dellar and Salmon, 2005; Stewart and Dellar, 2010). For
simplicity, we consider a channel that is symmetric about the equator, with dimensionless half-length
L = L⋆/Rd and half-widthW =W⋆/Rd. This geometry is illustrated in Figure 4. We align our Cartesian
axes with the channel such thatx andy are the across-channel and along-channel coordinates respec-
tively, whilst u andv are the across-channel and along-channel velocities. The requirement of no flow
normal to the channel walls may then be written as,

u= 0 at x=±W. (2.8)

The boundary conditions at the ends of the channel are less straightforward, and will be discussed
separately in§3 and§4.

3 Steady asymptotic solutions

In this section we obtain steady asymptotic solutions to theshallow water equations in the channel
geometry described in§2, using an approach that is closely related to that of Nof andOlson (1993)
and Stewart and Dellar (2011b). However, we seek solutions that span the entire width of the channel,
whereas Stewart and Dellar (2011b) obtained outcropping solutions, in which the current is bounded by
fronts at which the layer thickness vanishes. This change ismotivated by the time-dependent numer-
ical solutions of§4, which form shocks when the layer thickness becomes too small. Our asymptotic
solutions also complement those of Stewart and Dellar (2011b), who found that an outcropping current
flowing north towards the equator in a channel with vertical walls would invariably come into contact
with both walls before reaching the equator, at which point the approximations underlying the solution
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(a) (b)

FIG. 4. Profile (a) and top-down (b) schematics of the problem considered in this paper.

break down. Such solutions could be connected with the channel-spanning solutions described in this
section to form a complete solution that extends from one hemisphere to the other.

We seek a steady solution (∂/∂ t ≡ 0) of the shallow water equations (2.4a)–(2.7), whose potential
vorticity is everywhere zero,q≡ 0. The assumption of zero potential vorticity immediately yields

q= vx−uy+ycosθ +xsinθ −δhxsinθ −δhycosθ = 0. (3.1)

Imposing∂ ũ/∂ t ≡ 0 andq≡ 0 in (2.4a) determines thatΦ should be spatially uniform,

∇Φ = ∇
(

1
2u2+ 1

2v2+h+δh(vsinθ −ucosθ)
)

= 0. (3.2)

Finally, the steady mass conservation equation (2.4b) requires the mass flux to be non-divergent,

(hu)x+(hv)y = 0. (3.3)

Equations (3.1)–(3.3) comprise the fundamental set of governing equations for our asymptotic solutions.
The solutions described in§3.1 and§3.2 are characterised by two distinct rescalings of these equations
for different ranges of the channel orientationθ , as described below. However, both solutions employ
the assumption that the dimensional channel half-lengthL⋆ is much larger than the internal Rossby
deformation radiusRd. This assumption is characterised by a small parameterε, defined by

ε = (Rd/L⋆)2 = L−2 ≪ 1. (3.4)

For typical values ofβ ≈ 2.3×10−11m−1s−1, g′ = 2×10−3ms−2, andH = 500m, the deformation
radius isRd ≈ 210km. The channel shown in Figure 1 has a half length ofL ≈ 450km, soε ≈ 0.22
is somewhat large for an asymptotic parameter. However, depending on how the dimensions of the
channel are estimated from the bathymetry,ε may be as small as 0.03 (Stewart and Dellar, 2011b).
Furthermore, we will later neglect all terms ofO(ε) in (3.1)–(3.3), so we could equivalently defineL as
the total channel length, in which caseε ≈ 0.05 is much smaller. In§4 we show that the numerical and
asymptotic solutions agree closely even whenε = 1.
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3.1 Non-westward channel

Motivated by the work of Nof and Olson (1993) and Stewart and Dellar (2011b), we rescale (3.1)–(3.3)
under the assumption that the relevant lengthscale in they-direction isL⋆, and thatL⋆ is much larger
than the internal Rossby deformation radiusRd. This corresponds to rescalingy by a factor ofε−1/2.
However, in the absence of additional scalings, they-dependent partycosθ of the Coriolis parameterf
would become asymptotically larger than all other terms in (3.1), and so would become unbalanced as
ε → 0. We therefore take the relevant lengthscale in thex-direction to beε1/2 smaller thanRd, such that
the contribution of the Coriolis parameterf to the potential vorticityq is balanced at leading order by
the across-channel gradientvx of the along-channel velocity. This scaling constrains thechannel width
to be much smaller than the deformation radius, and so may apply more accurately to the equatorial
crossing of the AABW through the Romanche and Chain fracturezones (seee.g.Morozov et al., 2010)
than to the channel shown in Figure 1. Our alternative scaling in §3.2 for an almost-westward channel
relaxes this constraint.

We balance the powers ofε in the mass conservation equation (3.3) by rescaling the across-channel
velocity u with ε. Our complete rescaling is thus

x= ε1/2x̂, y= ε−1/2ŷ, u= εû, v= v̂, W = ε1/2Ŵ, (3.5)

where the hat ˆ indicates anO(1) dimensionless variable. Substituting (3.5) into (3.1)–(3.3) yields

∂ v̂
∂ x̂

− ε2 ∂ û
∂ ŷ

+ ŷcosθ + ε x̂sinθ −δ
∂h
∂ x̂

sinθ − ε δ
∂h
∂ ŷ

cosθ = 0, (3.6a)

∇̂
(

1
2ε2û2+ 1

2 v̂2+h+δ hv̂sinθ − ε δ hûcosθ
)

= 0, (3.6b)

∂
∂ x̂

(hû)+
∂
∂ ŷ

(hv̂) = 0. (3.6c)

We now pose an asymptotic expansion of our dependent variables in ε, e.g. h(x,y) = h(0)(x,y) +
εh(1)(x,y) + ε2h(2)(x,y) + · · · . In principle, we could substitute these expansions into our rescaled
equations (3.6a)–(3.6c) and solve order-by-order inε for the whole series. However, we will restrict
our attention to the leading-order solution(u(0),v(0),h(0)) because even this is too complicated to write
down as a complete analytical expression.

Dropping terms ofO(ε) in (3.6a) and (3.6c) yields equations that may be integratedexactly to obtain

v̂+ x̂ŷ cosθ −δ h sinθ = A(ŷ), (3.7a)

1
2 v̂2+h+δ hv̂ sinθ = B, (3.7b)

whereA(ŷ) is theŷ-dependent along-channel angular momentum, andB is the Bernoulli constant. Both
of these must be determined. We now exploit the non-divergence of the mass fluxhû in (3.6c) to
introduce a transport streamfunctionψ(x,y), such that

hû=−∂ψ
∂ ŷ

, hv̂=
∂ψ
∂ x̂

. (3.8)

We solve (3.7a)–(3.8) subject to prescribed layer thicknesses at the walls at the upstream end of the
solution,

h(−Ŵ,−1) = 1, h(Ŵ,−1) = α. (3.9)
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We choose our vertical lengthscaleH to be equal to the thickness of the current at(−Ŵ,−1), which
reduces the number of dimensionless constants in the solution. These conditions uniquely define the
solution over the entire domain, as we shall see below.

For simplicity of presentation, we will first describe the solution under the traditional approximation
(δ = 0), and later discuss some of the consequences of including the complete Coriolis force. To obtain
the complete solution, we first solve (3.7a) and (3.7b) forh and∂ψ/∂ x̂ in terms ofB andA(ŷ),

h= B− 1
2 (A(ŷ)− x̂ŷcosθ)2 , (3.10a)

∂ψ
∂ x̂

= (A(ŷ)− x̂ŷcosθ)
(

B− 1
2 (A(ŷ)− x̂ŷcosθ)2

)

=
∂
∂ x̂

(

h2

2ŷcosθ

)

. (3.10b)

The last equality in (3.10b) is a rewriting of the expressionfor ∂ψ/∂ x̂ as an exact derivative with respect
to x̂. Without loss of generality we chooseψ(−Ŵ,y) = 0 so that the wall at ˆx = −Ŵ is a streamline,
and integrate (3.10b) with respect to ˆx to obtain

ψ =
h2(x̂, ŷ)−h2(−Ŵ, ŷ)

2ŷcosθ
. (3.11)

To satisfy both no-flux boundary conditions (2.8), the opposing wall atx̂= Ŵ must also be a streamline,

ψ(Ŵ, ŷ) = T =
h2(Ŵ, ŷ)−h2(−Ŵ, ŷ)

2ŷcosθ
, (3.12)

whereT is the constant along-channel transport. GivenT andB, this equation determinesA(ŷ) at all
locations ˆy∈ [−1,1].

It now remains only to determineT andB. Substituting the upstream boundary conditions (3.9) into
(3.10a) yields two equations relatingB andA(−1), which may be solved to obtain

B= 1
2 (1+α)+ 1

2Ŵ2cos2 θ +
(1−α)2

8Ŵ2cosθ
, (3.13)

and

A(−1) =
1−α

2Ŵcosθ
. (3.14)

Substituting (3.9) into (3.10b) yields

T =
1−α2

2cosθ
. (3.15)

In principle it is now possible to obtain an analytical expression forA(ŷ), and thus the complete leading-
order solution, by substituting (3.13) and (3.15) into (3.12). However, this requires solution of a cubic
polynomial inA(ŷ), so it is more practical simply to compute the solution for specifiedŴ, α andθ .

If we include the non-traditional component of the Coriolisforce (δ 6= 0), the method of solution is
identical to that described above, but most of the expressions above become vastly more complicated.
For example, the upstream angular momentumA(−1) becomes

A(−1) =
1−α −δŴsinθ cosθ(1+α)+ 3

4δ 2sin2 θ(1−α2)

2Ŵcosθ −2δ sinθ(1−α)
. (3.16)
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In both the traditional (δ = 0) and non-traditional (δ > 0) cases, the along-channel transportT diverges
asθ approaches a critical angleθc determined by the vanishing of the denominator of (3.16),

cotθc =
δ (1−α)

Ŵ
. (3.17)

This singularity in the transport arises because the leading-order governing equations (3.7a)–(3.7b) im-
ply a cross-channel geostrophic balance between the Coriolis force and the pressure gradient. Taking
derivatives of (3.7a) and (3.7b) with respect to ˆx yields a relationship between the along-channel velocity
v̂ and the cross-channel gradient of the layer thicknessh,

v̂=

∂
∂ x̂

(

h+ 1
2δ 2h2sin2 θ

)

−δhŷcosθ sinθ

ŷcosθ −2δ sinθ
∂h
∂ x̂

. (3.18)

This relation explains why the current flows northward (T > 0) when it leans towards the western wall
(α < 1), and southward (T < 0) when it leans against the eastern wall (α > 1). We will restrict our
attention to northward flows, so that (3.9) prescribes boundary conditions upstream, rather than down-
stream.

Stewart and Dellar (2011b) obtained the relation (3.18) foran outcropping current in a walled chan-
nel, and showed that the along-channel transport diverges at the point where the cross-channel average
of the denominator is zero,

1

2Ŵ

∫ x̂=Ŵ

x̂=−Ŵ
{ŷcosθ −2δ sinθhx̂}dx̂=− 1

Ŵ

(

Ŵcosθ −δ sinθ
)

= 0. (3.19)

This condition is equivalent to (3.17). Ifθ = θc the denominator of (3.18) must be equal to zero when
x̂ equals some ˆxc ∈ [−W,W], by the mean value theorem, so|v̂| → ∞ asx̂ → x̂c. Under the traditional
approximation (δ = 0), the critical angleθc =±π/2 corresponds to a westward/eastward channel. If we
include the complete Coriolis force (δ > 0), there exists a range of channel orientationsθc < θ < π/2
for which the transport is southward (T < 0) whenα < 1. In this parameter regime, including the
complete Coriolis force reverses the direction of the flow. These solutions could be analysed further by
posing an asymptotic expansion inδ , and applying the method of strained coordinates (Lighthill, 1949;
Hinch, 1991) to capture the shift in the location of the asymptote in (3.14) whenδ 6= 0. In §3.2 we
will show that the solution becomes invalid whenθ is sufficiently close toπ/2, due to thex-dependent
part of the Coriolis parameterf . However, outcropping solutions such as those of Stewart and Dellar
(2011b) should exhibit a similar reversal of the transport as described here.

3.2 Almost-westward channel

The rescaling (3.5) used in§3.1 eliminated thex-dependence of the Coriolis parameterf . Yet thex- and
y-dependences off should become comparable whenθ ∓π/2= O(ε1/2). The equatorial bathymetry
shown in Figure 1 suggests that the most relevant case for theAABW is an almost-westward channel,
whereθ = π/2−O(ε1/2). This motivates an alternative rescaling of (3.1)–(3.3) using

x= x̂, y= ε−1/2ŷ, u= ε1/2û, v= v̂, W = Ŵ, θ =
π
2
− ε1/2θ̂ , (3.20)
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as in Stewart and Dellar (2011b), where again the hat ˆ indicates anO(1) dimensionless variable. The
assumption thatθ is asymptotically close toπ/2 means that we no longer need to rescalex, so the
dimensionless channel widthW may beO(1). Consequently a less restrictive scaling onu is required
to balance (3.3) in powers ofε.

We also expand sinθ and cosθ as Taylor series inε1/2,

sinθ = 1− 1
2ε θ̂ 2+O(ε2), cosθ = ε1/2θ̂ − 1

6ε3/2θ̂ 3+O(ε5/2). (3.21)

Substituting (3.20) and (3.21) into both (3.1) and (3.2) yields the rescaled equations

ŷ
(

θ̂ − 1
6εθ̂ 3)+ x̂

(

1− 1
2εθ̂ 2)+

∂ v̂
∂ x̂

− ε
∂ û
∂ ŷ

∓δ
(

1− 1
2ε θ̂ 2) ∂h

∂ x̂
−δεθ̂

∂h
∂ ŷ

= O
(

ε2) , (3.22a)

∇̂
[

1
2εû2+ 1

2 v̂2+h±δhv̂
(

1− 1
2ε θ̂ 2)−δεθ̂hû

]

= O
(

ε2) . (3.22b)

As in §3.1, we restrict our attention to the leading-order solution of (3.22a) and (3.22b), though in
principle it is possible to obtain asymptotic corrections to any order via a formal expansion in powers of
ε. Dropping terms ofO(ε) in (3.22a) and (3.22b), we integrate both equations once to obtain

v̂+ θ̂ ŷx̂+ 1
2 x̂2−δh= A(ŷ), (3.23a)

1
2 v̂2+h+δhv̂= B. (3.23b)

The rescaled mass conservation equation is identical to (3.6c), so again we define a transport streamfunc-
tion ψ via (3.8). We employ the same boundary conditions (3.9) as in§3.1, and the method of solution
is identical, though complicated somewhat by the explicit ˆx-dependence introduced in the leading-order
angular momentum equation (3.23a). For example, under the traditional approximation (δ = 0), solving
(3.23a) and (3.23b) forh and∂ψ/∂ x̂ yields

h= B− 1
2

(

A(ŷ)− x̂ŷθ̂ − 1
2 x̂2)2

, (3.24a)

∂ψ
∂ x̂

=
(

A(ŷ)− x̂ŷθ̂ − 1
2 x̂2)

(

B− 1
2

(

A(ŷ)− x̂ŷθ̂ − 1
2 x̂2)2

)

=
1

θ̂ ŷ+ x̂

∂
∂ x̂

(

1
2h2) . (3.24b)

It is not possible to write the right hand side of (3.24b) as anexact derivative in terms ofh2, as in (3.10b),
because we have retained the ˆx-dependent part of the Coriolis parameter.

In Figure 5 we plot solutions obtained using the method described above for particular values ofŴ,
α andθ̂ . These solutions have been obtained under the traditional approximation (δ = 0), but they are
qualitatively similar forδ > 0. Figures 5(a) and 5(b) show the layer thickness and transport streamlines
for a typical solution. The current enters leaning against the western wall of the channel ( ˆx=−1), and
shifts over to the eastern wall as it crosses the equator. Thefluid surface has a minimum (∂h/∂ x̂= 0)
along the equatorY ≈ θ̂ ŷ+ x̂= 0, because otherwise the pointwise along-channel transport hv̂= ∂ψ/∂ x̂
would approach infinity. This may be seen by comparing the leftmost and rightmost terms in (3.24b).
In Figures 5(c) and 5(d) we illustrate a qualitatively different configuration of the solution, in which the
current flows southward in parts of the channel. Nof and Olson(1993) and Stewart and Dellar (2011b)
discounted such configurations as unphysical in their outcropping current solutions, but backflow does
not invalidate our asymptotic assumption of a solution thatvaries slowly in they-direction. The transport
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ŷ

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

FIG. 5. Surface plots (a,c) of the layer thicknessh and contour plots (b,d) of the transport streamfunctionψ, calculated using the
steady asymptotic solution described in§3.2. In (a) and (b) the parameters areŴ = 1, α = 0.3, andθ̂ = 0.4. In (c) and (d) the
parameters arêW = 1, α = 0.5, andθ̂ = 1.

streamfunction in Figure 5(d) shows that the fluid entering towards the western side of the channel
retroflects and flows southward along the western wall. The fluid entering at the eastern side of the
channel crosses over to the west as it crosses the equator, even though there is a clear shift in the
thickness of the fluid in Figure 5(c) from the western wall to the eastern wall. Whilst such a flow
configuration does not invalidate our assumptions, it is more difficult to see how it would connect with
other water masses surrounding the cross-equatorial channel, as it requires a small southward inflow
from the north.

Whilst the fluid surface and transport streamfunction are notdramatically altered by the inclusion of
the complete Coriolis force (δ 6= 0), the volume transported through the channel exhibits some substan-
tial differences. This is consistent with the findings of Stewart and Dellar (2011b) for an outcropping
current in a steep-sided channel. In Figure 6 we plotT againstα andθ̂ for different values ofδ . We
fix Ŵ = 1 because the corresponding dimensional half-widthW⋆ ≈ 150km agrees well with the actual
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FIG. 6. The along-channel transportT as a function of (a)α and (b)θ̂ , calculated using the steady asymptotic solution described
in §3.2. In (a) we fixŴ = 1 andθ̂ = 0.4, and in (b) we fixŴ = 1 andα = 0.3. The vertical dotted lines mark the smallest values
of α andθ̂ for which the solution exhibits backflow. The three curves appear to intersect at a single point in each plot, but in fact
there are three distinct points of intersection that lie close together.

channel bathymetry shown in Figure 2. For these parameter values, whenα . 0.25 or θ̂ . 0.35 the
upstream layer depth becomes negative at the equator,i.e. at x = θ̂ andy = −1. It may then be more
realistic to consider an outcropping solution (as in Stewart and Dellar, 2011b), in which the fluid surface
intersects the ocean bed atz= 0. In general, including the complete Coriolis force leads to a substantial
increase in the transport unless there is a return flow towards the south, in which case there may be a
substantial reduction in the transport compared with the traditional approximation.

4 Time-dependent numerical solutions

The asymptotic solutions derived in§3 rely on the assumption of steady flow. Whilst they provide
a physically plausible description of a cross-equatorial current, we have yet to determine whether a
time-dependent solution of the governing equations (2.4a)–(2.7) would ever approach such a state. In
this section we address this question by computing time-dependent solutions under the assumption that
the flow adheres strictly to a state of zero potential vorticity. We compare the time-averaged flow in a
statistically-steady state with the steady asymptotic solutions derived in§3. However, we will restrict
our attention to the almost-westward channel solutions derived in §3.2, as these are most relevant to the
AABW.

The potential vorticity (2.7) is defined as the vertical component of the curl of the angular momen-
tum, ẑ ·∇× ũ, divided by the layer thicknessh. Assuming thatq is everywhere zero thus implies the
existence of a scalar potential for the angular momentum,

hq= ẑ·∇× ũ = 0 =⇒ ũ = ∇φ . (4.1)

This definition allows us to rewrite the time derivative ofũ as a gradient,̃ut = ∇φt , so (2.4a) may be
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integrated once exactly. The 11
2-layer shallow water equations (2.4a)–(2.7) may then be written as

∂φ
∂ t

+ 1
2u2+ 1

2v2+h+δh(vsinθ −ucosθ) =F(t), (4.2a)

∂h
∂ t

+∇ · (hu) =0, (4.2b)

where the velocitiesu andv should now be regarded as functions ofφ andh,

u=
∂φ
∂x

−
(

δh− 1
2Y2)cosθ , v=

∂φ
∂y

+
(

δh− 1
2Y2)sinθ . (4.3)

The potentialφ may include an arbitrary spatially-uniform gauge, whose evolution is controlled by the
arbitrary functionF(t) in (4.2a). We are therefore free to chooseF(t) to be identically zero.

4.1 Numerical scheme

The set (4.2a)–(4.3) constitutes a nonlinear hyperbolic system of partial differential equations. Their so-
lutions may be expected to develop shocks in finite time, so werequire a shock-capturing finite-volume
scheme to compute numerical solutions. Our system presentsan unusual combination of a Hamilton–
Jacobi equation (4.2a) and a conservation law (4.2b). This complicates the derivation of Godunov-type
upwind finite-volume schemes that solve Riemann problems tocompute numerical fluxes across cell
boundaries (seee.g.LeVeque, 2002) so we instead employ a combination of the high-resolution centred
schemes of Kurganov and Tadmor (2000a,b). The latter do not require the solutions of a Riemann prob-
lems, but only the analytical expressions for the fluxes and abound on the maximum wave speed within
each cell.

We discretise the domainx∈ [−W,W], y∈ [−L,L] by a rectangular grid ofNx byNy cells, each of size
∆x by ∆y. Our discretised dependent variables{hi, j , φi, j : i = 1, . . . ,Nx, j = 1, . . . ,Ny} represent values
at the centres of these cells, as shown in Figure 7. The componentsũ andṽ of the angular momentum are
most naturally calculated at the cell edges, as shown, in an arrangement known as the Arakawa C grid
(Arakawa and Lamb, 1977) Conceptually, the derivation of the scheme is similar to most finite-volume
projection-reconstruction methods (seee.g.LeVeque, 2002). Given values ofh andφ at cell centres, we
construct a piecewise-linear interpolation ofh and a piecewise-quadratic interpolation ofφ over each
grid cell. We combine several finite difference approximations to the derivatives ofh andφ using the
minmod limiter to obtain non-oscillatory reconstructions. For example, we approximate the derivative
hx using (van Leer, 1979; Kurganov and Tadmor, 2000a,b)

(hx)i, j = minmod

(

σ
hi+1, j −hi, j

∆x
,
hi+1, j −hi−1, j

2∆x
,σ

hi, j −hi−1, j

∆x

)

, (4.4)

with parameterσ = 1.3. The minmod function evaluates to zero if its arguments have differing signs,
and otherwise evaluates to its argument with smallest modulus. The parameterσ controls the degree of
dissipation. One-dimensional schemes based on this reconstruction are total variation-diminishing for
σ ∈ [1,2], with σ = 1 being most dissipative, andσ = 2 being least dissipative.

These piecewise-polynomial reconstructions ofh andφ are then used to evolve theh andφ values
at cell centres over a hypothetical time step∆ t. By considering the limit as∆ t → 0 we obtain a system
of ordinary differential equations (ODEs) for theh andφ values at cell centres. We integrate this ODE
system forward in time using the second-order total variation-diminishing Runge–Kutta scheme of Shu
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ũ

ũ
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FIG. 7. The Arakawa C-grid layout of the variables in our numerical scheme. The domain is divided into regular rectangular cells,
with bothh andφ stored at the cell centres. The components of the angular momentum, ũ andṽ, are most naturally defined at the
cell edges, where they may be calculated using second-order finite differences inφ .

and Osher (1989). The hypothetical time step∆ t is used only to derive a semi-discrete scheme with a
continuous time variable, unlike the Godunov-type upwind schemes that combine the spatial and tem-
poral discretisations, with a time step∆ t tied to the spatial step∆x through a Courant–Friedrichs–Lewy
conditions. Kurganov and Tadmor (2000b,a) define separate schemes for Hamilton–Jacobi equations
and conservation laws. We interleave these two schemes to solve the coupled system (4.2a)–(4.2b) with
a consistent interpolation ofh and the derivatives ofφ .

We impose boundary conditions atx=±W andy=±L by extending the numerical grid to include
two rows of ‘ghost’ points outside the boundaries. Following LeVeque (2002) we prescribe a no-flux
boundary condition atx=±W by reflectingh about the walls ati = 1/2 andi = Nx+1/2,

h−1, j = h2, j , h0, j = h1, j , hNx+1, j = hNx, j , hNx+2, j = hNx−1, j , j =−1, . . . ,Ny+2. (4.5)

Values forφ at the ghost points are chosen to make the wall-normal velocity u antisymmetric about
i = 1/2 andi = Nx+1/2,

u1/2, j = 0, u−1/2, j =−u3/2, j , uNx+1/2, j = 0, uNx+3/2, j = uNx−1/2, j , j =−1, . . . ,Ny+2. (4.6)

The combination of (4.5) and (4.6) makes the numerical mass flux through the wall exactly zero (see
Kurganov and Tadmor, 2000a).

To achieve an unbiased validation of our asymptotic solutions from §3, our numerical solutions
should be allowed to evolve with as few constraints as possible. However, experimentation shows that
solutions completely unconstrained by the boundaries tendnot to approach even a statistically steady
state. A suitable compromise is to allow the current’s thicknessh to vary freely, whilst prescribing the
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(a) (b)

FIG. 8. Plots of the layer thicknessh, computed using the numerical scheme described in§4.1 usingNx = Ny = 320, H0 = 2,
V0 = 1, θ = π/2−0.1, W = 1, L = 4 andδ = 0.1. In (a) we plot the instantaneous solution att = 89, and in (b) we plot the
time-averaged solution betweent = 50 andt = 100.

along-channel velocityv at the ends of the channel in a form that matches (3.23a). Following LeVeque
(2002), at each time step we prescribe ghost points forh as

hi,−1 = hi,0 = hi,1, hi,Ny+2 = hi,Ny+1 = hi,Ny, i =−1, . . . ,Nx+2, (4.7)

and initially prescribe a layer of uniform thicknessH0 over the entire domain,hi, j = H0 at t = 0 for
i = 1, . . . ,Nx, j = 1, . . . ,Ny. We choose ghost point values forφ such that the along-channel velocity at
the walls matches (3.23a),

vi,−1/2 = vi,1/2 =Vs+xiLcosθ − 1
2x2

i sinθ +δhi,1/2sinθ , (4.8a)

vi,Ny+3/2 = vi,Ny+1/2 =Vn−xiLcosθ − 1
2x2

i sinθ +δhi,Ny+1/2sinθ , (4.8b)

for i = −1, . . . ,Nx +2, wherehi,1/2 andhi,Ny+1/2 are suitably interpolated values ofh. The boundary
velocitiesVs andVn are recalculated at each time step. We setVs = Vn = V0 at t = 0 so that the total
mass fluxes aty = ±L are equal, and thereafter we chooseVs andVn so that the total mass fluxes at
y=±L remain constant. This ensures that the total mass in the channel remains exactly constant, up to
numerical round-off error, without imposing any constraint on the shape of the fluid surface. The initial
potentialφi, j at t = 0 is also prescribed so that the along-channel velocity matches (3.23a) at all interior
gridpoints,

vi, j+1/2

∣

∣

t=0
=V0−xiy j+1/2cosθ − 1

2x2
i sinθ +δH0sinθ , i = 1, . . . ,Nx, j = 1, . . . ,Ny−1. (4.9)

The choice of initial velocity field appears to have little impact on the long-term evolution of the flow.
Experiments with alternative initial velocity fields,e.g.setting∂φ/∂y uniform throughout the domain,
adjust to a very similar statistically steady state.

In Figure 8 we illustrate our solutions using a typical set ofparameters that is relevant to our conver-
gence and validation studies in§4.2 and§4.3 below. The evolution is characterised by the propagation
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FIG. 9. Convergence of our numerical scheme under grid refinement, for the test problem set out in§4.2. In (a) we plot the time-
averaged errors in the layer thickness betweent = 0 andt = 100, and in (b) we plot the error in the time-averaged layer thickness
betweent = 50 andt = 100. In both cases a reference solution is obtained by Richardson extrapolation from theN = 640 and
N = 1280 solutions.

of many small-to-moderate-amplitude shocks, which arise due to nonlinear steepening of shallow water
inertia-gravity waves in the absence of any physical dispersion or dissipation. Eventually all such shocks
propagate out of the domain, except for those travelling directly across the channel, which are reflected
indefinitely between the opposing walls. These tend to alignas a single shock of moderately large am-
plitude that spans the length of the channel and oscillates back and forth. Such a shock is visible in
Figure 8(a). A cross-channel discontinuity ofh requires a discontinuity in the cross-channel velocityu
by mass conservation (2.4b). Under the complete Coriolis force (δ 6= 0), the constraint of zero potential
vorticity (2.7) requires the along-channel velocityv to also be discontinuous at the shock, to preserve
non-divergence of the angular momentum (2.6). The shock speed is also modified slightly by the inclu-
sion of the complete Coriolis force, as discussed in§4.4 below, but the behaviour is qualitatively similar.
Thus the solution tends to approach a statistically steady state characterised by an oscillating shock,
rather than the absolutely steady state assumed in§3. However, the time-averaged numerical solution
shown in Figure 8(b) strongly resembles the steady asymptotic solution shown in Figure 5(a).

4.2 Convergence under grid refinement

We now verify the convergence of our numerical scheme under refinement of the spatial grid. We
define a test problem using parameters that are relevant to the AABW by choosingH0 = 2, V0 = 1,
θ = π/2−0.1,W = 1, L = 4, andδ = 0.1. These values also match those used in the validation study
described in§4.3. We use grid dimensions ofNx = Ny = N ∈ {10,20,40,80,160,320,640,1280}, and
compute the solution up tot = 100. The convergence of the computed layer thicknessesh towards a
reference solution in theℓ1, ℓ2 andℓ∞ norms is shown in Figure 9. The reference solution has been
calculated from theN = 640 andN = 1280 solutions via Richardson extrapolation, assuming second-
order convergence in∆x.

In Figure 9(a) we plot the average of the errors between each solution and the reference solution,
where the average is taken over the discrete timest = 0,1,2, . . . ,100. The convergence is very slow
under anℓ∞ norm because many small shock waves propagate around the solution, and appear to persist
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FIG. 10. Convergence of the time-averaged numerical solution betweent = 500 andt = 1000 towards a steady asymptotic solution,
with parameters defined in§4.3. The grid size in (a) isNx = Ny = 100, and in (b) isNx = Ny = 200.

for all time. Small discrepancies in the location of these shocks lead to relatively largeℓ∞ errors. How-
ever, the convergence under bothℓ1 andℓ2 norms is close to second order in the grid spacings∆x and
∆y. In Figure 9(b) we plot the convergence of the time-averagedlayer thickness. That is, we averageh
at each gridpoint betweent = 50 andt = 100 and then calculate the norm of the difference between this
averaged numerical solution and the time-averaged “exact”reference solution. The convergence is now
much faster in theℓ∞ norm, because the propagation of small shocks is removed by the time-averaging,
while the convergence in theℓ1 andℓ2 norms remains close to second order.

4.3 Validation with steady asymptotic solutions

In this section we will show that if the solution approaches astatistically steady state with a smooth
time-average, then the time-averaged solution converges to our steady asymptotic solution from§3.2 as
ε → 0. In §4.4 we will discuss cases that do not approach a smooth time-average, but instead develop
steady shocks.

We define a specimen problem that is relevant to the cross-equatorial flow of the AABW, and which
coincides with the parameters used in our convergence studyin §4.2. In all solutions we fixH0 = 2,
V0 = 1,W = 1, andδ = 0.1. We then varyε = L−2 while keepingθ̂ = 0.4 fixed, and setθ = π/2− θ̂/L.
The timescale for wave propagation along the length of the domain is proportional toL = ε−1/2, so
we must ensure that our integration time covers sufficientlymany such time scales to average out the
propagation of small waves and shocks. For the range ofL considered here, it was necessary to average
betweent = 500 andt = 1000.

In Figure 10 we plot the convergence of our time-averaged solutions towards the corresponding
asymptotic solution from§3.2 on 100×100 and 200×200 grids. In each case the solutions converge
approximately asε1/2 in theℓ1 andℓ2 norms forε & 10−2. This slower convergence contrasts with the
first-order convergence that one might expect based on the approximations made in our asymptotic so-
lution. The discrepancy may be due to the persistent propagation of small amplitude shocks through the
solution, which may divert the time-average of the layer thickness from the asymptotic prediction. For
ε . 10−2 the convergence becomes limited by spatial truncation errors due to the finite grid resolution.
Increasing the resolution from 100×100 in Figure 10(a) to 200×200 in Figure 10(b) visibly extends
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the range of convergence inε by almost an order of magnitude.

4.4 Steady shock formation

The convergence and validation studies described in§4.2 and§4.3 demonstrate that our scheme con-
verges towards steady solutions of the zero-potential vorticity shallow water equations under grid refine-
ment, and in the limitε → 0. Furthermore, we have demonstrated that time-dependent solutions may
approach a statistically steady state whose time-average is accurately described by our steady asymp-
totic analysis in§3.2. However, in this section we show that a time-dependent solution may be prevented
from approaching the steady asymptotic solution by the formation of a steady shock. This happens when
the layer depth becomes sufficiently small that the flow becomes super-critical (in the sense described
below).

The numerical scheme described in§4.1 can tolerate an arbitrarily small layer thicknessh→ 0, by
virtue of the minmod slope limiters employed in the calculation of derivatives. Although our scheme
remains stable in this regime, it does tend to drive the layerthickness towards zero everywhere in
the domain. However, our governing equations (2.4a)–(2.7)support solutions whose layer thickness
vanishes only over portions of the domain, and it is desirable that our numerical scheme should be
capable of describing them. We therefore modify our numerical scheme by following the approach of
Salmon (2002), who modified the equation of state in the shallow water equations so that the potential
energy approached infinity ash→ 0. Under the assumption of zero potential vorticity, this modification
leads to the inclusion of an additional term in the Montgomery potentialΦ , such that (4.2a) becomes

∂φ
∂ t

+Φ = F(t), Φ = 1
2u2+ 1

2v2+h

[

1− 1
n−1

(

hs

h

)n]

+δh(vsinθ −ucosθ) . (4.10)

The additional term prevents the fluid layer from becoming much shallower than the “Salmon layer”
thicknesshs, due to the substantial increase in the potential energy when h< hs. The minus sign before
thehs term here leads to a positive contribution from thehs term to the wave speeds calculated in (4.11)
below. These wave speeds also approaches infinity ash→ 0, which restricts the maximum permissible
time step via the Courant–Friedrichs–Lewy condition. However, in practice this restriction of the time
step increases the computation time by only around 25%.

In Figure 11 we plot the fluid surface from a computation whoseparameters have been chosen to
replicate the steady asymptotic solution shown in Figure 5(a). We cannot prescribeh(−W,−1) and
h(W,1), as we did in§3.2, so instead we chooseH0 such that the total volume in the channel matches
the total volume of the asymptotic solution in the rescaled coordinates ˆx andŷ. We then chooseV0 such
that the initial along-channel transport matches that of the asymptotic solution. The total volume and
along-channel transport remain exactly constant throughout the time-integration, so the solution may be
expected to approach a state similar to Figure 5(a). In Figure 11(a) we see that att = 25 the solution
starts to resemble the steady asymptotic solution, but a shock has formed in the centre of the channel.
This shock propagates towards the northern end of the channel and eventually reaches a statistically
steady location close toy = −L. Figure 11(b) shows the time-averaged solution betweent = 100 and
t = 200. The current outcrops from the bed and leans against the western wall, broadening across the
channel as it flows north. This portion of the current strongly resembles the outcropping asymptotic
solutions of Stewart and Dellar (2011b). Close to the northern boundary the flow passes through a
backward-facing shock and exits aty= L as a much deeper, slower current with a small return flow at
the eastern edge of the channel.
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(a) (b)

FIG. 11. A numerical solution with parameters chosen such that thetotal volume and along-channel transport match those of the
asymptotic solution shown in Figure 5(a). SpecificallyNx = Ny = 100,H0 = 0.305,V0 = 0.636,θ = π/2−0.1, W = 1, L = 4,
δ = 0.1, hs = 0.01 andn= 4. In (a) we plot the solution att = 25, and in (b) we plot the time-averaged solution betweent = 100
andt = 200.

The steady shock formation illustrated in Figure 11 arises where the flow becomes super-critical,
i.e. when all characteristics point in the positivey-direction. The characteristic wave speeds in they-
direction for the dimensionless shallow water equations with complete Coriolis force are (following
Dellar and Salmon, 2005),

λ1 = v, λ2,3 = v+δhsinθ ±
√

h

[

1+

(

hs

h

)n]

+δh(vsinθ −ucosθ)+δ 2h2. (4.11)

Under the traditional approximation (δ = 0), and in the absence of the Salmon layer (hs= 0), we recover
the familiar conditionv >

√
h for super-critical flow, which corresponds toλi > 0 for i = 1,2,3. The

shock forms at the transition between upstream super-critical flow and downstream sub-critical flow.
The behaviour of the shock as it propagates downstream depends on the boundary condition aty= L.
However, we have experimented with other combinations of inflow/outflow and absorbing boundary
condition aty= L, and found that those described in§4.1 give the most physically plausible results.

The characteristic wave speeds (4.11) give a further constraint on the range of validity of our asymp-
totic solutions from§3.2. Making the traditional approximation (δ = 0) and fixing the channel width
Ŵ = 1 for simplicity, we suppose that the time-dependent solution will form a steady shock if the steady
asymptotic solution is super-critical anywhere at the upstream (ŷ= −1) end of the channel. Equations
(3.23a) and (3.22b) show that any maximum of ˆv coincides with a minimum ofh, and that ˆv(x̂,−1) has
a maximum over ˆx∈ [−1,1] at x̂= min(θ̂ ,1). The flow is super-critical at this point if

α < αs(θ̂) = (1+ 3
2θ̂)(1+ θ̂ 2)−θ

√

3(1+ θ̂)4+16. (4.12)

In Figure 12 we plot this condition over a range ofθ̂ andα. We have also calculated the range ofθ̂ and
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α for whichh(θ̂ ,−1)< 0, in which case a physically meaningful asymptotic solution does not exist,

α < αu(θ̂) =
(2+ θ̂)(1+ θ̂ 2)(1− θ̂)2

2(1+ θ̂)2
. (4.13)

Finally, we note that the minimum of ˆv(x̂,−1) lies at x̂ = −1, so a portion of the flow is directed
southward if ˆv(−1,−1)< 0, or when

α > αr(θ̂) = 1−2θ̂ 2. (4.14)

These constraints onα are all based on the upstream solution aty = −1, and so should be regarded
as estimates. However, they typically provide an accurate representation of the entire domain because
the along-channel angular momentumA(ŷ) varies very slowly with ˆy. In Figure 12(a) we illustrate how
these constraints divide the most relevant part of theθ̂ ,α parameter space. The large along-channel
velocities, prescribed by the assumption of zero potentialvorticity (3.23a), cause the flow to become
super-critical unless variations in the thickness of the layer are quite small (α close to 1). Only a small
range ofθ̂ andα (shaded in Figure 12(a)) yield asymptotic solutions that are physically relevant, that
have no return flow, and that may be approached in a time-dependent computation. The solution used in
our convergence and validation studies is one such example,though this would correspond to a different
value ofŴ if h were rescaled such thath(−Ŵ,−1) = 1.

To test these predictions, we have performed a finely-resolved numerical parameter sweep over the
ranges ofθ̂ andα shown in Figure 12(a). Specifically, we have used values ofθ̂ andα in the range
{0.01,0.02, . . . ,0.99}, fixing W = 1, L = 4, δ = 0, hs = 0.01 andn = 4. For each(θ̂ ,α) pair we
computed the corresponding asymptotic solution describedin §3.2, and used the total mass and along-
channel transport to determine appropriate values ofH0 andV0. We consider(θ̂ ,α) pairs that prescribe
H0 < 0.2 to be unphysical, and omit them from our calculation. This reduces the number of individual
simulations to 7739. When 0< H0 < 0.2 our numerical approach should still yield a solution, but
we have found that these solutions are typically incompatible with the transport-constrained boundary
conditions. This causes the layer depthh to approach the Salmon layer thicknesshs at the northern
boundary, which may extend the computation time indefinitely. In all of our simulations we used grid
dimensions ofNx = Ny = 50, and averaged fromt = 50 tot = 100 to obtain a statistically steady state.
Our convergence study in§4.2 suggest that even at this resolution, theℓ2 error in the layer thickness
between the steady asymptotic and time-averaged numericalsolutions should only be around 10−2.

In Figure 12(b) plot the results of our parameter sweep by shading (θ̂ ,α) points according to the
form of the time-averaged numerical solution. The result isqualitatively similar to Figure 12(a). How-
ever, the numerical solutions exhibit a wide range of gradients ofh, so we have defined shock formation
using the somewhat arbitrary condition maxx,y{|∂h/∂y|}>S= 0.5. The shock-free region of parameter
space in Figure 12(b) is thus less clearly defined than in Figure 12(a). Figure 12(b) also suggests that
a shock-free solution with no backflow is possible for largerranges ofα andθ̂ . However, these ranges
are very sensitive to the shock threshold gradientS, so only a qualitative comparison can be made be-
tween the analytical and numerical regions. The only qualitative change introduced in Figure 12(b) is
the appearance of an additional line of shock-free solutions without backflow. Solutions in this region of
parameter space are super-critical throughout much of the domain, so characteristic information tends
to propagate fromy = −L to y = L. The layer thickness aty = −L is then unable to adjust to match
the corresponding asymptotic upstream boundary conditions, so a shock forms close to the downstream
boundary. The line of shock-free solutions highlights those whose layer thickness aty = −L happens
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FIG. 12. Dependence of the steady asymptotic and time-dependent numerical solutions onθ̂ and α. In (a) we plot the
asymptotically-derived relations betweenθ̂ andα for super-critical flow (4.12), an unphysical solution (4.13), and a southward
return flow (4.14), in the steady asymptotic solution from§3.2. We have fixedδ = 0 andŴ = 1 for simplicity. The shaded
region highlights solutions that are physically valid, have no southward return flow, and may be approached in a time-dependent
computation. Plot (b) characterises numerical solutions corresponding to the same range ofθ̂ andα. Each cell of side length 0.01
corresponds to a different solution, computed on a grid of dimensionsNx = Ny = 50, and averaged betweent = 50 andt = 100.
The cells are shaded according to the nature of the solution,and labelled: ‘U’ where the initial depthH0 is smaller than 0.2, in
which case the solution is deemed unphysical; ’S’ where the solution has a maximum gradient larger than 0.5, indicating shock
formation; ’R’ where the solution is subcritical, but exhibits a return flow at ˆy=−1; and ’P’ where the solution is physical, does
not form a steady shock, and has no backflow.
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FIG. 13. Panel (a) is identical to Figure 12, but shows the transition line (4.17) instead of the return flow condition (4.14).In
panel (b) we plot maxx,y |∂h/∂y| for each numerical solution in our parameter sweep. Any unphysical (θ̂ ,α) pairs that have been
omitted from the parameter sweep have been assigned a value of 0.

to match closely with the corresponding asymptotic upstream boundary conditions. This is a conse-
quence of our particular choice of initial condition, and ingeneral we do not expect the numerical and
asymptotic solutions to agree in this parameter regime.
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Our parameter sweep highlights an additional transition that only subtly changes the asymptotic
solutions, but is crucial with regard to shock formation. The asymptotic solutions may be broadly
characterised by the gradients ofh at x̂ = ŷ = 0. By (3.24b),h must have a local minimum in ˆx at
all points along the equator,̂θ ŷ+ x̂ = 0. By symmetry of the solution we must also have∂h/∂ ŷ = 0
at x̂ = ŷ = 0, so(0,0) may be either a local minimum ofh, as in Figure 5(a), or a saddle point, as
in Figure 8(b). These two configurations are sharply separated in theθ̂ α plane, as we shall now
demonstrate. From (3.24a), the first and second ˆy-derivatives ofh at (0,0) are

∂h
∂ ŷ

∣

∣

∣

∣

x̂=ŷ=0
=−

[

A
dA
dŷ

]

ŷ=0
,

∂ 2h
∂ ŷ2

∣

∣

∣

∣

x̂=ŷ=0
=−

[

(

dA
dŷ

)2

+A
d2A
dŷ2

]

ŷ=0

. (4.15)

Thus dA/dŷ= 0 at ŷ= 0, so the nature of the extremum ofh at (0,0) is determined by whetherA has
a maximum or a minimum at ˆy= 0. It is difficult to determine d2A/dŷ2|ŷ=0 analytically, so instead we
determine the sign of dA/dŷ at ŷ=−1, under the assumption thatA increases (decreases) monotonically
to a maximum (minimum) at ˆy= 0. We integrate (3.24b) from ˆx=−1 to x̂= 1, usingψ|x̂=−1 = 0 and
ψ|x̂=1 = T. Taking the derivative of the result with respect to ˆy yields an expression for dA/dŷ at ŷ=−1
in terms ofA(−1) andB, both of which are determined by the upstream boundary conditions (3.9). For
Ŵ = 1,

dA
dŷ

∣

∣

∣

∣

ŷ=−1
=

2θ̂ 3
(

1−α + 2
5θ̂

)

α2−2α
(

θ̂ 2+ θ̂ +1
)

+
(

1+2θ̂ − 6
5θ̂ 2

) . (4.16)

We expect the transition between a local maximum and a saddlepoint atx̂= ŷ= 0 to correspond to a
change in sign of dA/dŷ at ŷ= −1. For the range of̂θ andα plotted in Figure 12, the only change in
sign occurs at an asymptote of (4.16), where the denominatorvanishes,

αt(θ̂) = θ̂ 2+ θ̂ +1− θ̂
√

θ̂ 2+2θ̂ +21/5. (4.17)

Although the upstream boundary condition and transport vary smoothly across the transition (4.17),
the interior solution changes discontinuously from havinga minimum at(0,0) whenα < αt to a saddle
point whenα >αt . In Figure 13 we show that the theoretical transition line (4.17) matches a pronounced
change in the maximum gradient of our numerical solutions. For α < αt , the steady solution has a much
smaller layer thicknessh and much larger along-channel velocityv at (0,0), so the flow is super-critical
over a larger area of the domain. In time-dependent computations this typically leads to the formation
of a large, steady shock close toy= 1, similar to the one shown in Figure 8(b).

5 Discussion

We have analysed the behaviour of an ocean current flowing through a cross-equatorial channel on the
sea floor, using shallow water equations that include the complete Coriolis force due to the Earth’s
rotation. Our analysis has been simplified by thea priori assumption of zero potential vorticity, as
justified by the analysis and measurements of the deep Atlantic ocean by Hua et al. (1997).

In §3 we obtained steady asymptotic solutions for shallow waterflow through an idealised straight-
walled channel by assuming that the channel length was much larger than the Rossby deformation
radius. We employed different scalings for channels oriented at arbitrary angles relative to the equator,
and for channels almost aligned with the equator. The latteris more relevant for the AABW. The leading-
order solution describes a current that enters from the south leaning up against the western wall of the
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channel, crosses the channel as it crosses the equator, and then exits to the north against the eastern wall
(see Figure 5(a)). For certain parameter values, a portion of the flow may enter the channel flowing north
and then retroflect back towards the south along the western wall (see Figure 5(d)). In this situation the
transport streamlines show that the flow crosses the equatorin the opposite direction, from east to west.
Including the complete Coriolis force does not substantially alter the shape of the fluid surface, or its
transport streamlines, but it does lead to a substantial modification of the total cross-equatorial transport.
Figure 6 shows that including the complete Coriolis force may increase the transport by 50% or more
when there is no return flow to the south, and may reduce the transport by 50% when there is a return
flow.

In §4 we turned our attention to time-dependent solutions of theshallow water equations. Thea
priori assumption of zero potential vorticity allowed us to write the angular momentum̃u as the gradient
of a scalar potentialφ , and thereby rewrite the governing equations as a Hamilton–Jacobi equation (4.2a)
for φ and a conservation law (4.2b) forh. We solved these equations numerically by interleaving thetwo
finite-volume schemes of Kurganov and Tadmor (2000a,b), as described in§4. Our combined scheme
converges at second order under refinement of the numerical grid, ∆x,∆y → 0, and its time-average
converges towards the steady asymptotic solution in the limit of an infinitely long channel,ε → 0. Even
whenε = 1, the error between the steady asymptotic solution and time-averaged numerical solution is
around 1%, so we may expect our asymptotic analysis to apply well to this problem. However, in§4.4 we
showed that, over a large portion of parameter space, regions of the steady asymptotic solution are super-
critical, with all characteristics pointing downstream. Atime-dependent solution may consequently be
expected to form steady shocks instead of approaching the smooth asymptotic solution. Figure 12 shows
that a very small region of the parameter space contains all physically relevant solutions with no return
flow that may be approached in a time-dependent computation.These solutions are characterised by
small variations in the layer thickness and a channel that isclose to westward. We have verified this
analysis with a numerical parameter sweep, which also highlights a sudden transition in the behaviour
of the analytical solution when the channel is sufficiently close to alignment with the equator.

Our results suggest that the usually omitted “non-traditional” components of the Coriolis force may
play an important role in cross-equatorial flow of deep oceancurrents. Our asymptotic results in§3.2
show that including these components may drive much more, ormuch less, flow across the equator,
with only a small change in the structure of the current. However, our numerical results suggest that in
many cases the current would never reach such a state, due to the formation of shocks where the flow
is super-critical. The dimensional velocities predicted by our solutions are also much larger than one
would expect in the ocean. As a result, our shock-free asymptotic results may actually present a more
realistic qualitative picture of the AABW. Dissipation would reduce the velocity, and thereby relax the
constraint on shock formation in Figure 12, but would also require a considerably more complicated
analytical and numerical treatment.
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