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abstract
Low-frequency variability (LFV) of the atmosphere refers to its behavior on time scales of 10–100 days,
longer than the life cycle of a mid-latitude cyclone but shorter than a season. This behavior is still poorly
understood and hard to predict. The present study compares various model reduction strategies that help
in deriving simplified models of LFV.
Three distinct strategies are applied here to reduce a fairly realistic, high-dimensional, quasigeostrophic, 3-level (QG3) atmospheric model to lower dimensions: (i) an empirical–dynamical method,
which retains only a few components in the projection of the full QG3 model equations onto a specified
basis, and finds the linear deterministic and the stochastic corrections empirically as in Selten (1995)
[5]; (ii) a purely dynamics-based technique, employing the stochastic mode reduction strategy of Majda
et al. (2001) [62]; and (iii) a purely empirical, multi-level regression procedure, which specifies the
functional form of the reduced model and finds the model coefficients by multiple polynomial regression
as in Kravtsov et al. (2005) [3]. The empirical–dynamical and dynamical reduced models were further
improved by sequential parameter estimation and benchmarked against multi-level regression models;
the extended Kalman filter was used for the parameter estimation.
Overall, the reduced models perform better when more statistical information is used in the model
construction. Thus, the purely empirical stochastic models with quadratic nonlinearity and additive noise
reproduce very well the linear properties of the full QG3 model’s LFV, i.e. its autocorrelations and spectra,
as well as the nonlinear properties, i.e. the persistent flow regimes that induce non-Gaussian features in
the model’s probability density function. The empirical–dynamical models capture the basic statistical
properties of the full model’s LFV, such as the variance and integral correlation time scales of the leading
LFV modes, as well as some of the regime behavior features, but fail to reproduce the detailed structure of
autocorrelations and distort the statistics of the regimes. Dynamical models that use data assimilation
corrections do capture the linear statistics to a degree comparable with that of empirical–dynamical
models, but do much less well on the full QG3 model’s nonlinear dynamics. These results are discussed in
terms of their implications for a better understanding and prediction of LFV.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction
We study low-frequency variability [LFV] in the extratropical
atmosphere by constructing and analyzing dynamically consistent
low-order models thereof. For this purpose, we make use of a relatively high-resolution, three-layer quasi-geostrophic model [1]
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known to produce realistic low-frequency behavior. We consider
three approaches to constructing our low-order models. In the
purely empirical approach, we specify the mathematical form of
the model and find the model parameters based solely on the output from the full-model simulation [2,3]. In the semi-empirical approach we use the bare truncation of the full model, with additive
and multiplicative noise terms, along with a simple deterministic parameterization of the unresolved noise dynamics [4,5]. In the
purely dynamical approach, we apply the stochastic mode reduction methodology of [6] [hereafter MTV]. The latter two classes of
models are further enhanced by applying Kalman filter methodology to estimate the reduced-model parameters. A comprehensive
analysis of such reduced models may improve our understanding
of potentially predictable LFV modes.
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1.1. Extratropical low-frequency variability (LFV)
Extratropical atmospheric behavior is characterized by variability on a wide range of spatial and temporal scales. Major weather
phenomena are associated with fast baroclinic waves whose breaking forms synoptic eddies with time scales on the order of a
week or shorter. Atmospheric LFV is predominantly equivalent
barotropic [7] and has time scales from ten days to several months;
it has been shown to possess both stationary and traveling wave
patterns with very low zonal wavenumber [8–11]. These patterns
have been described in episodic, intermittent terms, via multiple
regimes [12–14], as well as in quasi-periodic, oscillatory terms, via
intraseasonal oscillations [15,16].
Most of the Northern Hemisphere’s mid-latitude LFV can be
described in terms of a few recurrent and persistent teleconnection
patterns, such as the North Atlantic Oscillation [NAO [17]], the
Arctic Oscillation [AO], possibly related to the NAO [18,19], and
Pacific-North American [PNA] teleconnection pattern [20]. These
patterns exhibit either stationary or propagating characteristics, or
a combination of both [21]. An important task of climate research
is to establish dynamical laws that govern the maintenance and
evolution of major low-frequency patterns. This task is rendered
more difficult by the nonlinear nature of climate behavior: the lowfrequency signals of interest modify, and are in turn being modified
by the interaction with higher-frequency transients, whose effect
must be understood and accounted for in any dynamical model of
low-frequency flow.
The nonlinear interaction between storm tracks and lowfrequency patterns in the extra-tropics is a long-standing topic of
investigation. Synoptic eddies can be shown to maintain LFV patterns and may, in turn, be modified by LFV [22–31]. A feedback between the two might involve modifications of the storm tracks due
to LFV, which in turn amplifies the LFV pattern, leading to a selfmaintained structure. Synoptic-eddy feedback is at the heart of the
original concept of weather regimes [32]; the key idea is that interaction between the synoptic eddies and low-frequency flow features results in the occurrence of flow patterns that persist longer
than the lifetime of an individual synoptic eddy.
Another possibility is that LFV is a separate dynamical entity
that involves nonlinear, self-sustained low-frequency oscillations
coexisting with multiple quasi-stationary states [33–36]. This
possibility has been explored in the framework of dynamical
systems theory and shown to give rise to persistent planetary flow
regimes [37], Ch.6; [36].
Our goal here is to construct an explicit, reduced model of
Northern Hemisphere LFV that resolves behavior associated with
either weather regimes or planetary flow regimes or both, while
treating synoptic eddies as stochastic forcing.
1.2. Reduced models
Purely empirical approach. Purely empirical, inverse stochastic models rely almost entirely on the data set’s information
content, while making only minimal assumptions about the underlying dynamics. The simplest type of inverse stochastic model is
the so-called linear inverse model [LIM: [38–40]]. In constructing a
LIM, it is assumed that the evolution of the system can be captured
by linear deterministic terms involving the resolved modes, plus
stochastic terms in the form of a spatially correlated noise process
that is white in time; all the parameters that enter either deterministic or stochastic terms are obtained here by regression fitting. To
reduce the number of parameters to be estimated, the climate state
vector is usually represented in terms of a small number of leading empirical orthogonal functions. LIMs have shown some success
in predicting certain aspects of El Niño/Southern Oscillation phenomena [41,42], tropical Atlantic sea-surface temperature variability [43], as well as extratropical atmospheric variability [44].

)

–

Kravtsov et al. [3] considered generalizations of LIMs that use
additional statistical information to relax the assumptions of linearity and white noise. They applied their generalized method
to the analysis of Marshall and Molteni’s [1] three-layer quasigeostrophic [QG3] model and to Northern Hemisphere geopotential height anomalies. For both QG3-generated and observed
height data, their optimized inverse model captured well the nonGaussian structure of the probability density function [PDF], as well
as the detailed power spectra of the data. Kravtsov et al. [45] recently reviewed other applications of this approach.
Despite the fact that such parametric empirical models can be
quite successful in reproducing key aspects of observed climate
variability, they suffer from a conceptual as well as a practical
drawback: (i) the parametric form of the model is pre-specified
in an ad hoc fashion; and (ii) when estimating a large number
of parameters from relatively small samples of data, estimation
process can become ill-conditioned.
Semi-empirical approach. Let us assume for a moment that an
entirely complete and correct dynamical model of LFV were available, in the sense in which Maxwell’s equations govern the behavior of electromagnetic fields in a vacuum, and that the integration
of such a model were feasible for long enough and with sufficient
spatial resolution. If so, one might be able to derive closed forms
of the reduced model using a statistical–dynamical approach, by
combining statistical properties of the modeled data and the equations that govern the flow dynamics. For example, the full governing equations can be linearized about the numerically computed
climatological mean state, while the effects of high-frequency transients are accounted for in the form of flow-independent, spatially
correlated noise that is white in time [46,47].
One may also add information about climate variability to the
knowledge about the time-mean climate. One way of doing so is by
projecting the full-model equations onto an appropriate subset of
basis functions representing the system’s low-frequency behavior.
Typical choices of this subset are the leading empirical orthogonal
functions [EOFs: [4,48,49,5]] or, alternatively, principal interaction
patterns [PIPs: [50–53]]. The nonlinear reduced dynamics model
can be obtained by rewriting the full system of equations in the
truncated EOF basis [54,55,49,5,56,57], while treating the residual
forcing as random. Alternatively, one can develop a deterministic,
flow-dependent parameterization of unresolved processes, based
on the library of differences between the tendency of the full and
truncated models [58,59].
Truncated EOF models of the former type, however, show
the so-called climate drift due to neglected interactions with the
unresolved modes, i.e. long-term averages do not stabilize after
initial transients to a statistical equilibrium but keep ‘drifting’
slowly. Selten [5] and Achatz and Branstator [4] parameterized
these neglected interactions by linear damping, whose strength is
determined empirically. A more powerful tool to extract the slow
dynamical features of the system under consideration is based on
using PIPs as a basis for truncation [51–53]. The calculation of PIPs
takes into account the dynamics of the full model for which one
tries to find an optimal basis. This procedure also involves an ad
hoc closure through linear damping and certain assumptions about
nonlinear interactions.
Crommelin and Majda [60] compared different optimal bases.
They found that models based on PIPs are superior to models based
on EOFs and the so-called optimal persistence patterns of DelSole [61], which are related to rotation of EOF bases to concentrate
on the lowest-frequency component of variability. On the other
hand, they also pointed out that the determination of PIPs may be
sensitive to certain features of the numerical algorithm, at least for
some low-order atmospheric dynamical systems with regime transitions.
In summary, the properties of reduced dynamical models
are sensitive to the choice of the function basis in which this
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construction is carried out. Once the basis is chosen, the truncated
models typically exhibit climate drift and thus have to include ad
hoc parameterizations to model the effect of unresolved processes
on the resolved modes.
MTV strategy. From the theoretical standpoint, a common
weakness of the two approaches to model reduction described so
far – whether data-driven, fully empirical or model-driven, semiempirical – is that the interactions between the resolved and unresolved modes are parameterized by statistical corrections to the
dynamical operator that act directly on the resolved modes. The alternative approach of Majda and colleagues [6,62–64] has the advantage of assuming that the self-interactions of the unresolved
modes can be modeled by a stochastic term. The equations of motion for the unresolved modes are then eliminated using standard
projection methods for stochastic differential equations [65–67].
An attractive feature of this approach is that it predicts rather than
assumes the structure of the stochastic terms in the equations for
the resolved modes. Moreover, this procedure is mathematically
rigorous in the limit of significant time scale separation between
the resolved modes and unresolved modes; one may hope, furthermore, that it still works even in the absence of such separation, as
is often the case in applying mathematically rigorous methods to
physical problems in which the original assumptions are satisfied
only partially or not at all.
The stochastic mode reduction strategy was dubbed MTV by
the authors of the first four papers on this approach [6,62–64];
it has been applied and tested on a variety of simplified models
and examples, including some models that possess simple, unique
equilibrium climates, in the sense of statistical wave mechanics [6,
62], as well as some that exhibit periodic orbits or multiple modes
and satisfy the truncated Burgers–Hopf equation [68,64]. The MTV
strategy worked fairly well in these examples even when there is
little separation of time scales between resolved and unresolved
modes.
Franzke et al. [69] have recently applied this approach to a
barotropic flow model on the sphere, with a few hundred spherical harmonics, while Franzke and Majda [70] have applied it to
the QG3 baroclinic model [1]. In the latter two examples, the EOFs
of a long model integration were used as the basis for the reducedmodel construction. The reduced models so obtained do capture
some important features of the full model’s behavior, such as geographical distribution of streamfunction standard deviation and
eddy forcing, as well as autocorrelation functions of the resolved
modes. Still, there are significant quantitative differences between
the full and reduced model in both cases, including climate drift in
the reduced model.
There are two possible reasons for these discrepancies. First,
the EOFs might indeed not be an optimal basis for carrying out the
MTV procedure [60]. Second, it turns out that the EOF modes’ time
scales exhibit no significant time scale separation. To overcome the
latter difficulty, one may introduce into the MTV formalism one or
more free parameters, including a time scale separation parameter,
as well as scaling parameters that represent the magnitudes of
various terms in the full-model equations. Indeed, Franzke and
Majda [70] have shown, by choosing an optimal parameter set in a
trial-and-error fashion, that the reduced model’s behavior can be
improved relative to that of its uncorrected version.
In summary, the MTV strategy predicts the structure of the reduced stochastic model equations and estimates all model parameters with minimal regression fitting. The still limited success of
this methodology when applied to the analysis of more realistic
climate models thus far may be due to (i) a suboptimal dynamical basis used for mode reduction; and (ii) the approximately red
character of the continuous component of the spectral density of
climate fields. MTV-reduced climate models may potentially be
improved by introducing into them a few additional parameters
in order to account for the latter property of relatively weak or no

)

–

3

time scale separation, and estimating these parameters optimally
by other procedures.
1.3. Parameter estimation using data assimilation
A novel aspect of our work is combining MTV methodology, as
well as the semi-empirical approach [4,5] with data assimilation
methods to estimate an optimal set of reduced-model parameters.
Two major classes of advanced data assimilation methods are
sequential estimation methods [71–73] and variational methods
based on minimization of a cost functional [74–76]. The two
classes of methods are equivalent for linear, finite-dimensional
problems [77,78] and involve comparable computational expense
if the optimal four-dimensional space–time state of the system, as
well as the associated error distribution are both to be estimated.
The variational methods, however, do not necessarily involve the
estimation of error covariances, which is computationally quite
expensive but central in constructing the sequential filters. The
former are thus more amenable to the quick assimilation of various
data types into a high-resolution atmospheric, oceanic or coupled
model, at the expense of lacking appropriate error bars.
Major computational expense and convergence issues arise in
applying the Kalman [72] filter to nonlinear geophysical systems,
due to the necessity of updating sequentially the forecast error covariance matrix. Ghil [77] discusses various suboptimal, approximate schemes, which allow to speed up this computation and
avoid filter divergence problems. A standard generalization of the
Kalman filter for use in nonlinear systems is the so-called extended
Kalman filter [EKF], where the third and higher moments are neglected in integrating the error covariance equation [79–81]. For
low-dimensional systems where computational cost is not high,
the EKF is a perfectly valid choice for trying to estimate an optimal set of reduced-model parameters.
1.4. This study
In the present work, we build upon past progress in deriving
an optimal low-order description of atmospheric LFV to introduce
and test a novel model reduction methodology. This methodology should satisfy the following criteria: (i) be based on rigorous mathematical theories for systems that are characterized by
a pronounced time scale separation between a few low-frequency
modes and the rest; (ii) contain a method for correcting biases in
the reduced-model coefficients when there is little or no time scale
separation; and (iii) be practically feasible for realistic systems involving a large number of degrees of freedom. In particular, we
will utilize simulations of moderate duration [on the order of 5000
days] using a fairly sophisticated, high-dimensional atmospheric
model and Kalman filter estimation to help determine the parameters of an MTV-reduced model. The reduced model obtained by
this modified MTV strategy will be compared with the results of the
purely empirical and semi-empirical approach for obtaining the reduced models, by assessing the models’ relative performance.
An important novel feature of our analysis is that the reducedmodel parameters will be estimated here objectively via Kalman
filtering, rather than in an ad hoc fashion, as in previous studies.
Using Kalman filtering for parameter estimation in reduced models
is an appealing approach to climatic data assimilation: first, the reduced model is low-dimensional, thus reducing the computational
effort, and, second, if chosen correctly, it is likely to capture most
of the potentially predictable climate signals; keeping the higherorder modes would just complicate the analysis without improving
forecast skill.
The paper is organized as follows. Section 2 briefly describes
the high-dimensional model we will use, and introduces our
methodology for obtaining the basis functions. Section 3 provides a
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description of the three types of reduced models we construct,
including a brief account of Kalman filtering and of the MTV approach; a more detailed description of the latter two topics appears
in Appendices A and B, respectively. Section 4 compares the performance of the three types of reduced models, using several quantitative criteria. A summary and discussion of the results is contained
in Section 5.
2. The high-dimensional QG3 model
2.1. Model formulation
Ideally, one would like to use model reduction methodologies
to capture the most interesting and important features of a given
system under study. We used here a spectral, three-level, quasigeostrophic (QG3) model in spherical geometry developed by Marshall and Molteni [1]. This model represents a reasonable trade-off
between capturing the major features of mid-latitude atmospheric
LFV and allowing a fairly satisfactory study of the mechanisms and
parameter dependence. It has been widely used, therefore, in theoretical LFV studies, including several previous studies of model
reduction methodologies [70,2,3].
The spherical harmonics expansion representing the horizontal
fields has a triangular truncation at total wavenumber 21, commonly referred to as T21. The model is governed by prognostic
equations for quasi-geostrophic potential vorticity (PV) at 200 hPa
(level 1), 500 hPa (level 2), and 800 hPa (level 3):
q˙1 = −J (ψ1 , q1 + f ) − D1 (ψ1 , ψ2 ) + S1 ,

q˙2 = −J (ψ2 , q2 + f ) − D1 (ψ1 , ψ2 , ψ3 ) + S2 ,

(1)

q˙3 = −J (ψ3 , q3 + f ) − J (ψ3 , fh/H0 ) − D(ψ2 , ψ3 ) + S3 ;

the indices i = 1, 2, 3 refer to the pressure level, f = 2Ω sin φ is
the Coriolis parameter, h is the topographic height, and H0 is a scale
height set to 9 km. Layer PVs are defined as
2
q1 = ∇ 2 ψ1 − R−
1 (ψ1 − ψ2 ),

2
−2
q2 = ∇ 2 ψ2 + R−
1 (ψ1 − ψ2 ) − R2 (ψ2 − ψ3 ),

(2)

q3 = ∇ ψ3 + R2 (ψ2 − ψ3 ).

Here, ∇ is the gradient operator and ∇ 2 is the Laplace–Beltrami
operator on the sphere, while R1 = 700 km and R2 = 450 km are
Rossby radii of deformation appropriate for the 200–500 hPa and
the 500–800 hPa layers, respectively. The linear operators D1 , D2 ,
D3 represent the effects of Newtonian relaxation of temperature,
linear drag on the 800 hPa wind, and horizontal diffusion of
vorticity and temperature.
The terms S1 , S2 , and S3 are time-independent but spatially
varying PV sources. In order to estimate these sources, we require
that the time-mean PV tendencies computed by substituting the
observed atmospheric streamfunction fields into (1) vanish on
average. Let the overbar represent the time mean, and the prime
the deviation from it; in meteorology and climate studies, this
deviation is also called the anomaly. We thus require that
q̇ = −J (ψ, q) − J (ψ $ , q$ ) − D(ψ) + S = 0.

(3)

Eq. (3) was used to calculate the first-guess forcing S0 =
J (ψ, q) + J (ψ $ , q$ ) + D(ψ). This first-guess forcing was then
iteratively corrected by making twenty runs, each 2000-day-long,
and calculating the updated forcing Sn for each new iteration by
Sn = Sn−1 +

1

τ

(qobs − qn−1 );

–

In the above model tuning procedure, we used averaged daily
wind data (u, v) from the National Centers for Environmental Prediction/National Center for Atmospheric Research [NCEP/NCAR]
Reanalysis [82] to obtain the time series of the streamfunction
fields ψ by inverting the Poisson equation ∇ 2 ψ = ξ on the sphere,
where ξ is the relative vorticity. We analyzed the ψ -data subset for Northern Hemisphere winter, defined as an interval of 90
days starting on 1 December of each year, from December 1948 to
February 2005; the daily time series thus contained 57 × 90 =
5130 days. The analysis was carried out on a 2.5◦ × 2.5◦ latitude–longitude grid, using 4 pressure levels: 850, 700, 500, and
200 hPa; the 800 hPa streamfunction ψ800 was obtained by averaging the streamfunction at the 700 hPa and 850 hPa levels as
ψ800 = (2ψ850 + ψ700 )/3.
First, the seasonal cycle was removed from the data. This
cycle was estimated by applying a 5-day running mean to daily
streamfunction data and averaging over all years. Next, in order
to concentrate on the mid-latitude dynamics, rather than on the
behavior associated with tropical–extratropical teleconnections,
the El Niño/Southern Oscillation signal was linearly removed from
all fields as in [83]. This signal was found by regressing the
streamfunction field onto centered and normalized time series of
the Niño-3 index, that is the sea-surface temperature anomaly
averaged over the box (5◦ S–5◦ N, 150◦ –90◦ W). The time series
of the daily Niño-3 index was obtained by applying a cubic spline
to its monthly time series. We then utilized the data sets of daily
anomalies ψ $ so obtained, along with the observed streamfunction
climatology ψ , to tune our dynamical model.
The dynamical model so tuned does a fairly decent job in simulating the observed Northern Hemisphere’s time-mean climate, as
well as the spatial pattern of the variance distribution (not shown);
see also similar results in [58,59,84,2,1]. This high-dimensional
QG3 model will be subjected in Section 4 to various systematic
mode reduction methods, to be described in Section 3.
2.2. Principal component (PC) analysis

−2

2

)

(4)

here qobs is the observational mean, qn the time mean of the nth
run, and τ = 50 days. This procedure ensures that the observed
and simulated time-mean states are approximately the same.

We use principal component (PC) analysis to define the basis
upon which we will project our model equations. PC analysis computes the spatial patterns called empirical orthogonal functions
[EOFs]; the time dependence associated with each EOF is given
by the corresponding PC. In engineering fluid dynamics and turbulence literature, this statistical methodology is known as proper
orthogonal decomposition [85].
The model state vector !(t ), represented here at each time t by
the J = 693 spectral coefficients of the streamfunction field in the
Northern Hemisphere, can thus be written in a unique way as

! (t ) =

J
!

xj (t )ej .

(5)

j =1

Each PC xj (t ) is given by the projection of !(t ) onto the corresponding EOF ej :
xj (t ) = '!(t ), ej (p ,

(6)

where the symbol ', (p denotes a particular kind of inner product,
and the ordering 1 ≤ j ≤ J is by the variance captured by each
EOF–PC pair.
We compute the EOFs in spectral space rather then in physical
space [49,5]. The elements of our state vector will thus be represented by the real and imaginary parts of the coefficients in the
spectral expansion of the streamfunction or PV into spherical harmonics on three levels.
To calculate the EOFs, a particular inner product has to be
chosen. The most widely used choice is associated
the L2
" with
norm of the streamfunction field, *ψ*20 =
ψ 2 dA, where
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Fig. 1. QG3-simulated 500 hPa streamfunction EOFs, using the energy norm. The EOF index j = 1, 2, 3, or 4 is shown in the panel caption, while contour intervals, in m2 s−1 ,
are listed in each panel’s legend. Negative contours are light, and zero contours are omitted.

dA is the infinitesimal area element on the sphere. This choice,
however, is not suitable for our purposes, because the truncated
system written in the streamfunction norm EOF basis would not
conserve any quadratic invariants of the unforced equations in the
absence of dissipation, unless additional approximations are made
to project model fields into the subspace of a few leading EOFs
[55,49,5]. Franzke and Majda [70] proposed to use the total-energy
norm instead of the streamfunction norm; the spectral form of the
energy-norm representation was derived for the QG3 model by
Ehrendorfer [86]. This choice ensures that the projected equations,
in the absence of forcing and dissipation, will conserve the total
energy at any truncation.
We use this energy norm and the associated inner product, as
well as the potential-enstrophy norm in Eq. (6)." The latter norm
is the L2 norm of the PV, *ψ*22 = *q*20 =
q2 dA; it is thus
associated with the inner product 'ψ, ψ(2 = 'q, q(0 . Projecting
the equations onto such a basis will conserve potential enstrophy
at any truncation. Vorticity-based norms have been argued to be
poorly suited for construction of reduced models in the barotropic
case [5], since they might tend to emphasize smaller-scale features
rather than the low-frequency, large-scale patterns of interest, but
this turned out not to be the case in the present baroclinic model.
The energy EOFs of the QG3 model are shown in Fig. 1. These
EOFs, in fact, resemble closely streamfunction norm and potentialenstrophy-norm EOFs [see [87], not shown here]; some of them
exhibit features similar to the well-known teleconnection patterns
that emerge from observational data sets [18,17,19]: an AO [EOF1] that is zonally symmetric by-and-large, as well as combinations
of NAO and PNA [the Atlantic portion of EOF-2 and EOFs 4–7
(5–7 not shown)]. Other EOFs, such as EOFs 2–3 and 8–9 [the
latter not shown] represent higher-wavenumber wavetrains [87]
that are associated with synoptic eddies; note again that EOF2 is a mixture of an NAO-type pattern over the Atlantic with a

wavetrain over the Pacific. All of the results reported below are
robust with respect to the choice of norm used for computing
EOFs; i.e. the absolute and relative performance of the reduced
models constructed in the streamfunction, energy and potentialenstrophy bases is qualitatively and quantitatively similar [87]. For
this reason, we will only show here the results obtained for the
reduced models constructed in the EOF basis derived in the energy
norm.
To summarize, in this work we use EOF bases compatible with
the total-energy norm and the potential-enstrophy norm, because
of their conservation properties. The leading modes for either basis are similar, and analogous to the streamfunction norm EOFs; a
subset of these modes is associated with well-known teleconnection patterns: AO, NAO, and PNA. Note that the streamfunction, energy and potential-enstrophy norms are essentially equivalent to
the Sobolev norms H0 , H1 and H2 for the solutions of the governing
equations (1) [88]. It turns out that the performance of the reduced
models constructed in these two bases is also very similar. Below,
we illustrate our analyses by showing the results using the energy
norm; the qualitative results in the other basis are analogous [87].
3. Reduced models
3.1. Empirical models
We use multiple polynomial regression to construct reduced
models in the EOF bases discussed in Section 2.2. Previous work
[89,2,3] showed that a quadratic model of the general form
(0)

dxi = (xT Ai x + bi x + ci (0) )dt + dri (0)

1 ≤ i ≤ I,

(7)

where x = {xi } is the state vector of dimension I, is well suited
(0)
for this task. The matrices Ai , the rows bi of the matrix B(0) and
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the components ci (0) of the vector c(0) , as well as the components
ri (0) of the residual forcing r(0) , are determined by least-squares.
If the inverse model (7) contains a large number of variables, the
statistical distribution of r(0) at a given instant is nearly Gaussian,
according to the central limit theorem [90].
We are interested, however, in obtaining a reduced model
with a fairly small number of variables, I + J, and hence the
stochastic forcing r(0) in Eq. (7) typically involves serial correlations
and might also depend on the modeled process x. We include,
therefore, an additional model level to express the time increments
dr(0) as a linear function of an extended state vector [x, r(0) ] ≡
(xT , r(0)T )T , and estimate this level’s residual forcing r(1) ; the linear
dependence is used at this second and at all subsequent levels since
the non-Gaussian statistics of the data has already been captured
by the first, nonlinear level. Additional linear levels are added in the
same way, until the (L + 1)-st level’s residual r(L+1) becomes white
in time, and its lag-0 correlation matrix converges to a constant
matrix:
(0)

(0)

(0)

dxi = (xT Ai x + bi x + ci ) dt + ri
dri

(0)

dri

(1)

···

(1)

(0)

(2)

(0)

= bi [x, r ]dt + ri

(1)

dt ,

dt ,

(1)

= bi [x, r , r ]dt + ri (2) dt,
(L)

(8)

dri (L) = bi [x, r(0) , r(1) , . . . , r(L) ]dt + dri (L+1) ;

1 ≤ i ≤ I.

&xi = xki +1 − xki ,

1 ≤ l ≤ L,

The convergence of this procedure is guaranteed since, with each
additional level l ≥ 1, we are accounting for additional timelag information, thereby squeezing out any time correlations from
the residual forcing. The reduced model (8) effectively uses timedelayed information to improve the reconstruction of the full
model’s attractor, as proposed by Mañé [91] and Takens [92].
In practice, we approximate the infinitesimal increments dxi ,
dri (l) by finite differences

&ri (l) = ri (l),k+1 − ri (l),k ,

(9)

where k is the time index, while &t is assumed to be equal to
the data set’s sampling interval; without loss of generality, we
use &t = 1, in these nondimensional units. To test the residual
noise r(l) for whiteness, we computed lag-0 and lag-1 covariance
matrices of &r(l) at each level, until the lag-1 covariance vanishes
and the spatial covariance does not change when adding more
levels. The covariance matrix of the last-level residual &ri (L+1) is
estimated directly from its multivariate time series; in subsequent
integrations of the inverse model, this forcing is approximated as a
spatially correlated white noise. It turns out for our reduced model
that the third-level residual forcing is indeed white.
A practical difficulty in constructing the empirical model (8) is
the large number of regression coefficients to be estimated using a
limited amount of data; doing so, and still obtaining a statistically
stable model requires utilization of regularization techniques such
as principal component regression (PCR) or partial least-squares
(PLS); see [3] for further details.
This type of empirically reduced models performs very well in
capturing the essential statistics of the full model’s variability [2,
3]. The downside of these models, however, is that they are difficult
to interpret in terms of the dynamical processes responsible for the
simulated behavior and thus, ultimately, for the observed behavior.
Furthermore, the purely statistical procedure does not take into
account the system’s conservation properties, which can result in
the model parameters producing unstable climates. One possible
way of dealing with this problem is to constrain the regression
coefficients of model (8) in such a way as to conserve energy [52];
this approach is one topic of our ongoing research.

)

–

The highest-order explicit nonlinearities in the QG3 model’s
governing Eq. (1) are quadratic. Still, the mode reduction methodology of Majda et al. [6,62,63] yields cubic terms in the reducedmodel equations as well. Franzke et al. [69] have shown that these
cubic terms introduce only slight modifications into the dynamics
of a barotropic reduced model, but Franzke and Majda [70] have
found them to be much more important in their reduced models
when trying to capture the QG3 model’s dynamics. We have therefore attempted to construct the empirical reduced models that use
only quadratic, as well as some that use cubic polynomials in the
main model level.
Our empirical model works equally well for both the H1 and
H2 bases of choice. We show here only the results produced by
empirical models with quadratic and cubic nonlinearities at the
highest order, with respect to an energy-norm EOF basis. Figs. 2
and 4 show just how well the quadratic nonlinear regression model
captures the PDFs and lagged autocorrelation functions of the
nine leading EOFs in this basis. In particular, the full and reduced
model PDFs are almost indistinguishable: the main differences in
the autocorrelation function are still quite small and involve a
somewhat shorter time scale of the reduced models EOF-1 and a
spurious damped oscillation with a period of around 20 days in the
reduced models EOF-4.
Fig. 3 shows the same results for the PDFs of the empirical model
with the highest-order terms being cubic. The fact that Figs. 2 and
4 here vs. Fig. 3 here and Fig. 3.4 in [87] are pairwise almost indistinguishable from each other shows that the reduced model
with quadratic nonlinearities only is a more parsimonious, and an
equally accurate approximation of the full QG3 model as the one
that contains cubic nonlinearities as well. It thus turns out that the
quadratic empirical model [Figs. 2 and 4 here] performs just as well
as the cubic one [Fig. 3 here and Fig. 3.4 in [87]]. Using cubic nonlinearities in empirical regression modeling does not seem, therefore,
to be justified, and does introduce an additional computational
burden. Given this empirical evidence that the underlying system’s
dynamics is dominated by quadratic nonlinearities, we will later
also neglect cubic terms in our MTV-based reduced models.
The excellent matches produced by the purely empirical reduced models above provide a benchmark low-order statistical
fit to the climate of the full QG3 model. Uniform goodness-of-fit
by these reduced models is puzzling and raises questions as to
the dynamical meaning of these results. Unfortunately, the empirical models, by construction, are not designed to answer this
type of questions. Our next goal is to use dynamical and empirical–dynamical approaches to construct reduced models similar in
performance to the empirical models, and thus gain more insight
into the dynamics of LFV, as simulated by the full model.
3.2. Empirical–dynamical models
We will construct semi-empirical, or empirical–dynamical
models by taking a bare truncation of the full QG3 model, projected
on the basis of choice and adding linear and additive noise terms.
The coefficients of the noise terms are estimated here by using
the EKF approach. The construction of such empirical–dynamical
models is conducted in a truncated EOF basis of 10–20 modes.
Truncation is necessary in order to reduce the number of regression
coefficients and still achieve stable climates of the reduced model,
while retaining the most important low-frequency climate modes.
Note that because the coefficients of the nonlinear terms in the
reduced model are determined in a way that is consistent with
the QG3 model’s nonlinearity, the former model is guaranteed
to produce a stable climate, which is not always the case in the
purely empirical approach of Section 3.1 [2,3]. This is so since
the empirical–dynamical models nonlinear terms conserve energy
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Fig. 2. Individual probability density functions (PDFs) of the first 9 energy-norm EOFs of the ten-component reduced empirical model (light solid, red), compared to those
of the full QG3 model (heavy solid, blue).

Fig. 3. Same as Fig. 2 but for empirical model with cubic nonlinearities.

at any truncation, provided one uses the energy-norm EOF basis,
while the additional damping terms are negative definite.

The full model’s equations are projected on the truncated EOFs
basis. One can write the equations for time derivatives of the PCs
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Fig. 4. Individual autocorrelations of the first 9 energy-norm EOFs of the ten-component reduced empirical model (light solid, red), compared to those of the full QG3 model
(heavy solid, blue).

xj (t ) given by Eq. (6) in the following symbolic form
ẋ = Lx + N(x) + S,

(10)

dx = (Lx + N(x) + S + f + µx)dt + σ dξ,

(11)

where x is a vector of PCs, L is a linear operator, N(x) is a nonlinear
operator, and S is the forcing. The dynamic equation for the
retained PCs xj (t ), j = 1, 2, . . . , N, N being the number of the
retained components, with N + J = 693, has the form similar
to (10), with additional forcing, linear damping, and additive noise
terms [note again that while in (10) the symbol x represents all
variables, in the Eq. (11), x refers to resolved variables only]:
where the operators L and N(x) and the vector S are obtained directly from the equations of the QG3 model by projecting them
onto the EOF basis of choice, while the additional forcing fdt,
damping µxdt and noise σ dξ represent the parameterized interactions between the resolved and unresolved modes. Here f is an
N-dimensional deterministic-forcing vector, µ is an N × N diagonal matrix, σ is an N × N matrix, and ξ is a centered random vector
with unit variance:
E ξ = 0,

T

E ξξ = 1.

The noise coefficients σ and drift coefficients µ are estimated using parameter estimation methodology based on the EKF (see Appendix A). We refer to the state estimator as the primary filter
and to the parameter estimator as the secondary filter. The linearized, discrete-time dynamic operator !(k) used by the EKF (see
Appendix A) is given by

#

$
∂N
!(k) = I + L +
+ µ dt ,
(12)
∂x
where I is a N × N identity matrix; see Eqs. (A.6) and (A.8), while
the noise covariance matrix Q is given by
Q = σ T σ.

(13)

In Eq. (A.9) we followed Dee et al. [93] by introducing three parameters – α1 , α2 , and α3 – to estimate the additive noise covariance Q: α1 multiplies the main diagonal of the covariance matrix,
α2 multiplies the elements on its subdiagonal and superdiagonal,
and α3 multiplies all elements of the covariance matrix that do not
lie on one of these three diagonals. This choice of the noise model is
motivated by the structure of Q, in which the three diagonals being
multiplied by α1 and α2 contain the largest values. The first-guess
covariance matrix Q0 is obtained from the differences between the
tendencies of the full and truncated models; in meteorological parlance, the tendencies refer to the finite-difference forms of the state
vector’s time derivatives, i.e., to the right-hand sides of Eqs. (1), (8)
or (10), as the case may be. To accumulate a library of differences
between tendencies, we run the full and truncated models in parallel for 5000 days, starting the truncated model every day from
the state of the full model projected on the retained EOFs. Once we
have a library of these differences dZ in the retained EOFs, Eq. (11),
we approximate Q by its sample counterpart,
Q0 = EdZdZT ,

(14)

where E stands for the expectation operator. In practice, dZ = &Z
and E is calculated as the sample average. The parameters α1 , α2 ,
and α3 are then estimated by the secondary filter starting from
their initial values α1 (0) = α2 (0) = α3 (0) = 1.
The parameters of the additional drift terms fj and µj , j =
1, 2, . . . , N, in Eq. (11) are estimated by the primary filter.
Unknown parameters, assumed constant in time, can be easily incorporated into the scheme as additional state variables. The dimension of the system increases by the number of parameters to
be estimated, which in our case is 2N. The dynamical equations for
these additional state variables are assumed to be

µ(k) = µ(k − 1),
f(k) = f(k − 1).

The matrices !(k), B and H used in the primary Kalman filter (A.6)
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have to be modified according to the above assumptions, while the
available observations are still the full model’s simulated time series of the original state vector.
The initial values of the parameters fj of the constant drift
term in Eq. (11), which represents additional forcing provided by
unresolved modes, are obtained by taking the mean of each column
of the time sequence dZ,
f0 = EdZ.

(15)

The initial values of the parameters µj in Eq. (11), which depend
linearly on the state vector and represent additional damping of the
resolved modes by unresolved ones, are taken to be zero.
3.3. Dynamical model
Stochastic mode reduction formalism. The models described
above can all be written in the following symbolic form:

∂q
= F + Lq + B(q, q),
∂t

N
!
i =1

xi ei =

R
!
i =1

αi ei +

N
!

βj ej ,

(17)

j =R +1

where R is the number of resolved modes, xi denote the PCs in the
energy-norm EOF basis, while αi and βj are the expansion coefficients of the resolved and unresolved modes, respectively.
By introducing the EOF expansion (17) into the original equations (16) and using the orthogonality of the EOFs, we get the following two sets of equations for the resolved αi and unresolved βj
modes:

α̇i (t ) = Hiα +

jk

ε

β

ε

j

ε

jk

jk

αββ

Bijk βj (t )βk (t ),

(18)

1 ! βα
1 ! ββ
Lij αj (t ) +
Lij βj (t )

ε
!
1
ε

1 ! αβ
Lαα
Lij βj (t )
ij αj (t ) +

2 ! ααβ
Bααα
Bijk αj (t )βk (t )
ijk αj (t )αk (t ) +

1!

β̇i (t ) = Hi +
+

j

!

+
+

!

jk

j

βαα

Bijk

–

ε

j

2 ! βαβ
αj (t )αk (t ) +
Bijk αj (t )βk (t )

ε

jk

1 ! βββ
+ 2
B
βj (t )βk (t )
ε jk ijk

(19)

where the nonlinear operators have been symmetrized, i.e. Bijk =
Bikj . The upper indices α and β indicate the respective subsets of the
αβ

full operators in (16), so that the notation Lij , for example, means
that we use index ranges 1 ≤ i ≤ R and R + 1 ≤ j ≤ N.
In the equations above, following the modified MTV approach of
[69,70,63], ε is a small positive parameter which controls the time
scale separation between slow and fast modes; it measures the
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ratio of the integral correlation time of the slowest of unresolved
modes q$j∗ to the fastest of resolved modes q̃i∗ , where i∗ and j∗
are not necessarily equal to R and R + 1, respectively. We have
also assumed that the forcing terms Hα , Hβ , as well as the slow
linear and nonlinear operators Lαα and Bααα act on a time scale
of order one, while all other operators act on a shorter time scale
of ε −1 , except for the one representing the self-interaction Bβββ
of the fast modes, which acts on an even shorter time scale on the
order of ε −2 . Furthermore, it is assumed that the dynamical system
governing the unresolved modes only is ergodic and mixing and
can be represented by a stochastic process.
With these assumptions, the stochastic mode reduction procedure [69] predicts the following effective stochastic equations for
the resolved variables alone:

!

dαi (t ) = Hiα +

+

j

+

!

!

Lαα
ij αj (t )dt +

!

+ H̃i dt +

(16)

where q denotes the state vector with the basic state subtracted.
Basic state effects are included in the definitions of F and L. The
set of PV anomalies q is decomposed into orthogonal subsets q̃
and q$ , which are characterized by ‘‘slow’’ and ‘‘fast’’ time scales,
respectively, following the MTV approach. Thus, q̃ denotes the
evolving ‘climate’ of the system, which changes slowly compared
to the ‘weather’ variables q$ ; the latter evolve more rapidly in time
and are not resolved in detail in the stochastic climate model. The
decomposition q = q̃ + q$ can be written in terms of the potentialenergy-norm EOFs ei as
q=

)

ij

L̃ij αj (t )dt

j

B̃ijk αj (t )αk (t )dt +

jk

√ !
2

j

Bααα
ijk αj (t )αk (t )dt

!
jkl

σij(1) (α(t ))dWj(1) +

M̃ijkl αj (t )αk (t )αl (t )dt

√ !
2

j

σij(2) dWj(2) ,

(20)

whose deterministic part contains, in addition to the original
terms, constant, linear, and quadratic corrections to these terms,
as well as an additional cubic term. The notation W(1) =
(W1(1) , . . . , Wm(1) ) and W(2) = (W1(2) , . . . , Wm(2) ) denotes two independent m-dimensional Wiener processes, while the diagnostic
equations for the covariance matrices of the noise are given by two
‘‘detailed balance’’ relations [65] of Riccati type:
(1)

Qij

=
(2)

Qij

+

!

!
k

=

Uijk αk (t ) +

k

!!
k

Vijkl αk (t )αl (t )

l

σik(1) (α(t ))σjk(1) (α(t )),

!
k

(21)

σik(2) σjk(2) .

(22)

In the above formulas, all constant tensors U and V are computed
based on the lagged-covariance statistics of the unresolved modes
(see Appendix B).
The system (20) consists of the bare truncation, deterministic
correction terms, as well as additive and multiplicative noises. The
correction terms and noises are predicted by the MTV stochastic
mode reduction approach and account for the interaction between
resolved and unresolved modes, as well as the self-interaction between the unresolved modes; the only inputs from the unresolved
modes are their variances and autocorrelation times.
In order to study the relative importance of various terms in
(20), Franzke and Majda [70] grouped them according to their
physical origin, and placed a control parameter λp in front of the
pth group of terms. After regrouping, the stochastic model (20) can
be written as:
dαi = λB (Hiα +

+ λ2A
+ λ2M
+λ

2
L

!
j

%

%

!
j

(2)

L̃ij αj (t )dt + λA

!
j

!
j

Lαα
ij αj (t )dt +

(3)

L̃ij αj (t )dt +
(1)

L̃ij αj (t )dt

&

!
jk

Bααα
ijk αj (t )αk (t )dt )

√ !
2

j

!
jkl

σij(2) dWj(2)

M̃ijkl αj (t )αk (t )αl (t )dt

&
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%

+ λM λL H̃j(1) dt +
(2)

+ λA λF H̃j dt +

!

B̃ijk αj (t )αk (t )dt

jk

√ !
2

j

&

σij(1) (α(t ))dWj(1) .

(23)

The noise covariance matrix Q(1) now satisfies the parameterdependent Riccati equation

λ2L Qij(1) + λL λM
=

!
k

!
k

Uijk αk (t ) + λ2M

σik(1) (α(t ))σjk(1) (α(t )).

!!
k

Vijkl αk (t )αl (t )

l

(24)

Franzke and Majda [70] showed that the performance of their
reduced model can be improved by fine-tuning the coefficients
λp in (23) and (24). The dynamical motivation for such a tuning
comes from the fact that the observed or model generated variability associated with LFV and other climate-and-weather related
phenomena does not exhibit a significant time scale separation;
hence the parameter ε in (18) is actually of order of one, rather
than being arbitrarily small, as assumed in the derivation of the reduced model (20). In fact, there is no natural way of choosing the
number R of resolved modes and, when choosing R arbitrarily, the
scaling assumptions in (18) do not necessarily hold. Formally, all
of this means that the actual mode reduction problem has a number of hidden free parameters. Following the suggestions of References [69,70], we will choose these parameters to be a set of λ’s
that enter Eqs. (23) and (24).
MTV methodology and data assimilation. Franzke and Majda
[70] fine-tuned their reduced model’s coefficients by trial-anderror and managed to moderately improve the model’s performance. These results underscore the need for a more rigorous
procedure to improve the estimates of reduced-model parameters. In addition, while the mathematical expressions for the MTV
model coefficients above are known, an accurate numerical computation of these integrals requires very long and frequently sampled libraries of the model’s evolution: for example, Franzke and
Majda [70] used a 1 000 000-day model simulation, sampled with
a 1/2-day interval. This makes the data requirements for a successful application of the MTV strategy much more stringent than those
of the purely empirical or empirical–dynamical model discussed in
Sections 3.1 and 3.2, respectively. It is desirable, therefore, to be
able to use estimates of the correlation integrals for the MTV coefficients that require fewer data, and then correct for possible errors
introduced thereby. To address both of these issues, we apply sequential estimation via Kalman filtering.
The reduced model (23), (24) has several features that render
the EKF attractive for estimating its parameters: (i) the model’s
low-dimensionality; (ii) a specified law for the error covariance
matrix evolution (24), which guarantees the EKF’s stability; and
(iii) a relatively small number of parameters that need to be estimated.
The time series of the resolved modes that have been generated
by the full dynamical model, like QG3, or obtained from observations, as in [3], are assimilated into our low-order model equations
to optimally estimate the set of five parameters λA , λB , λF , λL , and
λM . The observational record can be made arbitrarily long for the
QG3-generated data, but we used 5000-day-long simulated observations to make it comparable with the observed atmospheric data
that were available to tune the QG3 model itself [5130 days; [82]].
This data set length makes estimating the five parameters of interest readily feasible given the actual observed atmospheric data.
The five unknown parameters enter our equations in quadratic
combinations; for example, the terms of the form λM λL . Furthermore, these parameters enter into both the ‘‘deterministic’’ and
the ‘‘stochastic’’ part of our model. In order to make the system

)

–

(23), (24) suitable for our parameter estimation methodology, we
‘‘break’’ the connection between the parameters and estimate a
larger number of parameters that would enter the equations linearly. We end up with 10 independent parameters λp , 1 ≤ p ≤ 10,
defined as follows: λ1 = λB , λ2 = λ2A , λ3 = λA , λ4 = λ2M , λ5 = λ2L ,
λ6 = λM λL , λ7 = λA λF , λ8 = λ2L , λ9 = λL λM , and λ10 = λ2M ; the
parameters λ1 through λ7 enter Eq. (23), while λ8 , λ9 and λ10 enter into Eq. (24). We also disregard the cubic nonlinearities, since
the purely empirical models perform equally well with and without cubic nonlinear terms (see Section 3.1). Given the above assumptions, the effective equations for the resolved variables can
be rewritten in the following form:
dαi = λ1

%

Hi +

+ λ2
+ λ4

α

!
j

!
j

%

!
j

Lij αj (t )dt +
αα

(2)

L̃ij αj (t )dt + λ3
(3)

L̃ij αj (t )dt + λ5

(1)

+ λ6 H̃j dt +
+ λ7 H̃j(2) dt +

!

!
jk

Bijk αj (t )αk (t )dt
ααα

√ !
2

j

%
!
j

σij(2) dWj(2)

(1)

L̃ij αj (t )dt

B̃ijk αj (t )αk (t )dt

jk

√ !
2

j

&

&

&

σij(1) (α(t ))dWj(1) .

(25)

The noise covariance matrix is given by

λ8 Qij(1) + λ9
=

!
k

!
k

Uijk αk (t ) + λ10

σik(1) (α(t ))σjk(1) (α(t )).

!!
k

Vijkl αk (t )αl (t )

l

(26)

The estimation of the ten parameters in Eqs. (25) and (26) proceeds now according to the sequential estimation approach discussed in Section 3.2: parameters that multiply the deterministic
parts of the dynamic operator in Eq. (25) are treated as additional
state variables and are estimated by the primary filter, while the
three parameters that multiply stochastic terms are estimated by
the secondary filter (see Appendix A).
4. Performance of the reduced models
4.1. Evaluation methodology
In this section we discuss the results of applying approaches
described in Sections 3.2 and 3.3, respectively, to the QG3 model.
We use the purely data-based, empirical reduced model (EMR)
described in Section 3.1 as a benchmark for the performance of
the other reduced models. Construction of the reduced models
will proceed in the bases of total-energy-norm and potentialenstrophy-norm EOFs. In comparing various reduced models, we
consider how well the statistical properties of the reduced models’ leading modes match the corresponding properties of the same
modes in the full-model and EMR model statistics. The properties
considered will include one-dimensional PDFs and lagged autocorrelation functions of the leading modes. We will also consider the
results of multi-dimensional PDF estimation via Gaussian mixtures
[94,84,95].
All models in this section retain 10 resolved components. This
number has been chosen by trial-and-error, based on the performance of the reduced models; it also appears to be optimal as a
trade-off between model performance and the computational cost
involved in constructing the empirical–dynamical and MTV models. Note that our benchmark EMR model of Section 3.1 has only 10
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resolved components, although there are a total of 30 model variables. The 20 additional variables correspond to the linear levels
two and three of the EMR model: these variables merely parameterize the main-level equations forcing in terms of spatially coherent, 10-dimensional red noise. We think therefore that it is fair to
compare reduced models that possess an equal number of resolved
components.
Note also that our choice of these 10 resolved components was
not primarily motivated by decomposition of the dynamics into
fast and slow components. While such a decomposition is not
of the essence in the empirical or the empirical–dynamical approaches, it is intrinsic to the MTV approach. In particular, the
absence of time scale separation between the resolved and unresolved modes may be one of the main reasons for a relatively
mediocre performance of MTV models reported below.
For all the implementations of sequential parameter estimation
cases, we used output from a 5000-day simulation with the full
QG3 model; the data produced by this simulation were assimilated
into the reduced model once a day. The results using longer QG3
simulations (not shown) are similar to those using the 5000-day
runs. These encouraging results confirm the practical applicability
of our parameter estimation approach if used in conjunction
with the observed data or data produced by a high-resolution,
comprehensive model. To assess the performance of the reduced
models, we ran them for 30 000 days, starting from randomly
chosen initial states, and then computed PDFs and autocorrelation
functions of the resolved modes.
4.2. Empirical–dynamical model results
In this subsection we show results obtained by applying the
model reduction methodology described in Section 3.2 to the QG3
model. We will compare the performance of the semi-empirical
models so obtained by evaluating the properties of the leading PCs
produced by these models. We will use total-energy-norm, as well
as potential-enstrophy-norm EOF bases, but show only the results
from the models constructed in the former basis; the enstrophy
norm basis results are quite similar [87].
Figs. 5 and 6 show the results produced by the reduced model
with additive noise, damping and sources constructed following
the procedure outlined in Section 3.2. The PDF of the first EOF
[the AO mode] in Fig. 5 is much better captured by the reduced
model with additive terms than by the bare-truncation model with
the same ten components [not shown]. There is essentially no
climate drift and variances are reproduced well for most of the
EOFs. The main discrepancies between the reduced model (light
solid, red) and the full QG3 model (heavy solid, blue) include a
slightly smaller variance, misplacement of the position of the mode
(i.e., the maximum of the PDF), a slight drift in EOF-1, a slight drift
in EOF-5, and a smaller variance of EOF-7.
The results of semi-empirical modeling are thus somewhat encouraging in reproducing the full model’s PDF structure. However,
this ten-component model with additive terms and linear damping performed considerably worse than the purely statistical EMR
model in terms of these one-dimensional PDFs (compare with Fig. 2
for EMR), as well as in terms of the PCs’ autocorrelation functions
(compare Figs. 4 and 6). In particular, the autocorrelation of first
EOF in the semi-empirical reduced model (Fig. 6) decays much
faster than that of the full QG3 model and also than that of the EMR
model (Fig. 4). Pronounced spurious higher-frequency oscillations
are also present in the autocorrelation functions of EOFs 2, 3, 7,
and 8 of the semi-empirical reduced model. Note, however, that
the LFV EOFs representing the AO, NAO and PNA (EOFs 1, 4, and
5, respectively) are less affected than the modes representing the
high-wavenumber wavetrains (EOFs 2, 3, 8 and 9).
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4.3. MTV model results
Here we describe the results of applying the MTV methodology combined with the sequential parameter estimation via
Kalman filtering to construct a reduced model. As mentioned in
Section 3.3, [69] used 1 000 000-day simulations sampled every
1/2 day to evaluate the correlation integrals used in their model
coefficients (see also Appendix B here). In our work, we used much
shorter, 30 000-day simulations sampled daily. The parameter estimation part of our methodology is designed to correct for model
imperfections introduced by the absence of the scale separation
or other deviations from the complete MTV formalism. We constructed reduced models with and without multiplicative noise
terms, either setting the coefficients λ9 and λ10 in Eq. (26) to zero,
or estimating them by using Kalman filter methodology.
All reduced models of this subsection, as in Section 4.2, retain
ten resolved components, as determined by the trade-off between
model performance and the computational cost for estimating
its coefficients. For the sequential parameter estimation, we used
5000-day-long runs to assimilate data produced by the full QG3
model into the reduced model, once a day. We then ran the MTVreduced models for 30 000 days, starting from a randomly chosen
initial state, to obtain PDFs and autocorrelation functions of the
nine leading PCs. We also compared performance of the reduced
models with and without multiplicative noises. We illustrate our
results using the reduced model constructed in the energy-norm
EOF basis. The results for the potential-enstrophy basis are very
similar [see [87]].
Model without multiplicative noise. As an initial step of the
model construction, we calculated the first-guess MTV coefficients
based on a 30 000-day QG3 simulation. Then, the model parameters were corrected using sequential estimation via Kalman filtering. The multiplicative noise coefficients λ9 and λ10 in Eq. (26) were
set to zero.
Fig. 7 shows how the MTV procedure performs without the additional, EKF-based parameter estimation. The variance captured
by EOF-1 is somewhat overestimated, while the variances associated with EOFs 2, 3 and 8 are underestimated. EOFs 1, 3–6, and
9 also exhibit a substantial climate drift (non-zero time mean of
the corresponding PCs), while MTV-estimated PDF maxima (light
solid, red) for EOFs 3–6 and 9 are displaced with respect to the QG3
model’s maxima (heavy solid, blue). The autocorrelation structure of the full QG3 model is captured reasonably well (see Fig. 8)
and does not exhibit spurious oscillations of the semi-empirical
model (Fig. 6); however, the correspondence between full-model
and MTV model autocorrelations is much less striking than that between full and EMR models (Fig. 4).
Fig. 9 shows the results based on the MTV model with the
EKF-based parameter estimation. The PDF structure of the EOFs
2–9 is drastically improved compared to the MTV model without
data assimilation. There is still climate drift present in EOF-1, its
variance is now underestimated, and its non-Gaussianity is not
captured. Still, the PDFs of the resolved modes are reproduced
better than in Fig. 7, showing substantial net improvement due to
the Kalman filtering correction of the model coefficients.
The autocorrelation functions produced by the ten-component
MTV-reduced model with sequential parameter estimation are
shown in Fig. 10. The autocorrelation of EOF-1 decays much too
fast, EOFs 2 and 3 exhibit slight spurious oscillations in their
autocorrelations, while the decay of EOFs 4 and 5 is too slow; these
features are similar to the behavior of the MTV model without data
assimilation (Fig. 8). Overall, the MTV model performance, after
an improved estimation of its parameters, is similar or slightly
better compared to that of the empirical–dynamical model from
the previous subsection.
Model including multiplicative noise. We also estimated the
multiplicative noise coefficients λ9 and λ10 of Eq. (26) to see
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Fig. 5. Individual PDFs of the first 9 energy-norm EOFs of the ten-component semi-empirical model with linear deterministic and additive stochastic corrections (light solid,
red) compared to those of the full QG3 model (heavy solid, blue).

Fig. 6. Individual autocorrelation functions of the first 9 energy-norm EOFs of the ten-component semi-empirical model with linear deterministic and additive stochastic
corrections (light solid, red) compared to those of the full QG3 model (heavy solid, blue).

if multiplicative noise plays an important role in the system’s
dynamics. The result is shown in Fig. 11. The PDFs of the leading

modes look very similar to those simulated by the MTV model
without multiplicative noise (Fig. 9). This result, along with the
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Fig. 7. As in Fig. 5, but for the ten-component MTV model in an energy-norm basis (light solid, red) compared to those of the full QG3 model (heavy solid, blue).

Fig. 8. As in Fig. 6, but for the ten-component MTV model in an energy-norm basis (light solid, red) compared to those of the full QG3 model (heavy solid, blue).

fact that the pure empirical models of Section 3.1 perform very
well without multiplicative noise terms, shows that the impact
of multiplicative noise on reduced-model behavior is not very
significant and hence one can neglect it. The autocorrelation

functions are almost indistinguishable from those in Fig. 10 and
are not shown.
Summary. The results reported in this section show that
both semi-empirical [4,49,56] and MTV-type [69,70] reduced
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Fig. 9. As in Fig. 7, but with EKF-based parameter estimation and no multiplicative noise.

Fig. 10. As in Fig. 8, but for the ten-component MTV model in an energy-norm basis, with EKF-based parameter estimation (light solid, red) compared to those of the full
QG3 model (heavy solid, blue).

models perform reasonably well in reproducing key statistical

filtering corrections of the first-guess MTV coefficients eliminate

properties of the data simulated by the full QG3 model. Kalman

the climate drifts inherent to MTV models in the absence of
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Fig. 11. Same as Fig. 9, but with multiplicative noise.

such corrections, and improve the match between the variances
captured by the leading EOFs of the full and reduced models. The
latter models, however, fail to reproduce non-Gaussian features
of the full-model PDFs and greatly underestimate the time scale
of the leading, AO mode, while providing a fairly good match to
the temporal behavior of the other stationary modes, NAO and
PNA. Finally, inclusion of multiplicative noise does not appear to
have any substantial influence on the performance of the semiempirical and MTV-type reduced models, suggesting that these
effects are secondary in affecting the dynamics of the slowest
modes of variability.
When compared to the semi-empirical models of Section 3.2,
the MTV-type models have the advantage of not requiring any
stochastic modeling on the level of the resolved components (see
Section 3.3). Overall, both these types of the reduced models reproduce the QG3 model’s statistics to a comparable degree, while
the former models incur a much lower computational cost. We
were not able to eliminate entirely, by our use of systematic parameter estimation, errors introduced by truncation of the unresolved modes. Compared to the purely empirical, EMR models of
Section 3.1 (Figs. 2–4), both semi-empirical and MTV-type models (Sections 4.2 and 4.3, respectively) dynamical models failed to
produce goodness-of-fit to full QG3 statistics comparable to that of
these EMR models.
4.4. Multi-dimensional PDF estimation
The preceding analyses were based on one-dimensional PDF
estimation results. In order to study further how well the reduced
models perform in capturing nonlinear features of low-frequency
dynamics, we study behavior of these models in the phase space
spanned by its leading EOFs using PDF estimation via Gaussian
mixtures [94,84,95,2]. We show the corresponding results for the
reduced models constructed in an energy-norm EOF basis only; the
results for the potential-enstrophy norm are very similar [87].

4.4.1. Gaussian mixture modeling
General. Gaussian mixtures [96] analysis corresponds to the
episodic description of LFV in terms of multiple flow regimes [97].
The regimes correspond to the k clusters obtained by the Gaussian
mixture modeling applied in the subspace of d leading EOFs.
The optimal number k∗ of clusters is determined using a builtin criterion, based on cross-validated log-likelihood estimates.
Each data point has a degree of membership in several clusters,
depending on its position with respect to each cluster centroid
and the weight of that cluster. Based on a combination of these
two criteria, one can associate each point with a unique cluster
and obtain the composite pattern of anomalies associated with this
cluster.
QG3 and EMR model results. The Gaussian mixture PDF of the
data set produced by the QG3 model is shown in Fig. 12, in the
subspace of the QG3 model’s two leading EOFs. The clusters were
found using mixtures of k = 4 Gaussian components. The optimal
number k∗ of clusters is k∗ = 4, as determined by the crossvalidation procedure of Smyth et al. [95]; see also [84,2].
The composites over the data points that belong to each of the
ellipses in Fig. 12 represent, in physical space, the patterns of four
planetary flow regimes [12,37,94,98,99,36,14,95]. The streamfunction anomalies associated with each regime centroid of the QG3
model are plotted in Fig. 13. These regimes are associated with the
opposite phases of the Northern Hemisphere annular mode, the socalled AO [18,19] and the associated sectorial NAO [17] pattern. In
Fig. 12, clusters 1, 2, and 3 (NAO+ , AO+ and NAO− , respectively) are
located around the global PDF maximum, with the centroids of the
AO+ and NAO+ lying very close to the global PDF maximum, while
the NAO− lies almost precisely under this maximum. Cluster 4
(AO− ) occupies a distinctive region on the PDF ridge that stretches
along PC-1. It corresponds to the low-index phase of the AO [18,19].
These four regimes are not identical to but in fairly good agreement with the observational results [12,97,84,95]. The corresponding results for the EMR model of Section 3.1 are very similar to the
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Fig. 12. Mixture-model PDF and clusters of the four leading EOFs for the full QG3 model, as projected on the (EOF-1–EOF-2) plane. The semi-axes of the ellipses equal the
1/2
standard deviation σj in each principal direction ej ; the singular value σj = µj , where µj is the variance associated with the EOF ej (see Section 2.2).

Fig. 13. Mixture-model centroids for the full QG3 model, showing streamfunction anomaly maps at 500 hPa. Negative contours are light and zero contours are omitted,
while contour intervals are shown in each panel’s legend.

corresponding EMR model results in [2,3], despite of the use of a
different EOF basis here, namely energy norm vs. streamfunction
norm in [2,3]. On the other hand, as it was the case in that previous work, the topology of the PDF and locations of the clusters centroids – and, therefore, the corresponding streamfunction anomaly

patterns – are very close to those in Figs. 12 and 13, respectively:
these results are virtually identical to those shown in Fig. 6b of [3]
and, therefore, are not shown here. Moreover, the results for the
EMR model are quite similar when using the potential-enstrophy
basis of EOFs.
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4.4.2. Gaussian mixture PDFs of the other reduced models
We apply now Gaussian mixture modeling to the multidimensional PDFs produced by the semi-empirical and MTV-type
reduced models constructed in the energy-norm EOF basis. Doing
so will allow us to verify whether the non-Gaussianity of the full
QG3 model’s behavior is captured by any of them.
Semi-empirical model. Fig. 14 shows the centroids obtained
for the output of the empirical–dynamical model of Section 3.2.
Cluster AO− still occupies a distinctive region on the approximately
straight PDF ridge that now stretches in a direction at an angle
close to the bisector of the +PC-1 and −PC-2 axes. This slope is
the major difference between this PDF, on the one hand, and the
full-model PDF shown in Fig. 13 and EMR model PDF [not shown
here; see, however Fig. 6b in [3]], on the other. Other differences
include the fact that the relative positions of the other three clusters are substantially modified and that all four centroids are closer
to the global PDF maximum.
These results show that the empirical–dynamical model still reproduces to a certain extent non-Gaussianity and multiple-regime
behavior of the full QG3 model. The slope of the ridge in the multidimensional PDF of Fig. 14 makes the PDF projection on either of
the EOF axis much more Gaussian-looking, explaining apparent
near-Gaussianity of the one-dimensional PDF seen, for example, in
Fig. 5 (light solid, red line).
MTV model. Fig. 15 illustrates the multi-dimensional PDF for
the MTV-type reduced model, without multiplicative noise and the
parameters estimated sequentially, as in Fig. 11; the results for the
reduced model with multiplicative noise are quite similar [87]. In
contrast to the PDFs in Figs. 12 and 14, this PDF is very close to
Gaussian, with a fairly symmetric shape and all centroids located
very close to the global PDF maximum. This means that the dynamical model constructed using MTV methodology, even when
improved by our systematic parameter estimation approach (compare Figs. 7 and 9 of Section 4.3), fails to capture non-Gaussianity of
the full QG3 model’s PDF, as well as the associated regime behavior.
4.4.3. Summary
The multi-dimensional PDF analysis of this section reveals that
the empirical–dynamical models of Section 3.2 capture the regime
behavior of the full QG3 model better than the reduced models
based on the MTV approach (Section 3.3). Once again, both the
semi-empirical and MTV-type models perform less well than the
purely empirical EMR model (Section 3.1), which reproduces both
the linear statistics of the full QG3 model and its regime behavior
quite well [2,3].
5. Concluding remarks
5.1. Summary
This study applied different mode reduction strategies to a
high-dimensional atmospheric model, which produces a reasonably realistic mean climate, as well as low-frequency variability (LFV) in Earth’s Northern Hemisphere. This quasi-geostrophic,
three-level (QG3) model [1], with its J = 693 discrete variables,
is a reasonable compromise between detailed simulation of midlatitude LFV behavior and flexible use for theoretical studies [58,
70,84,2,56].
Low-dimensional, reduced models were constructed in subspaces of leading empirical orthogonal functions (EOFs) obtained
using inner products for the covariance matrices that were based
on either the energy norm or the potential-enstrophy norm of
the flow field. The construction of the reduced models proceeded
in several distinct ways. The reduced models considered were

)

–

17

based mainly of three approaches: (i) a purely empirical, multilevel regression procedure [3]; (ii) a semi-empirical, or empirical–dynamical approach, which retains only a few components in
the projection of the full-model equations onto a specified basis,
and finds the linear deterministic and stochastic corrections empirically [5]; and (iii) a purely dynamics-based technique, employing the stochastic mode reduction approach of [62], dubbed the
MTV approach by its originators.
The empirical–dynamical and MTV-type reduced models were
further improved by sequential parameter estimation using the extended Kalman filter (EKF) [79–81]. The statistical characteristics
of the simulated data sets produced by the reduced models were
compared to those of the full QG3 model’s simulations. The purely
empirical model reduction (EMR) models provided a benchmark
for the intercomparison of the other reduced models.
The EMR models use only the broadest and most innocuous assumptions about the system’s dynamics and apply multiple polynomial regression to obtain the coefficients of the deterministic
dynamical operator, whose functional form is pre-specified to be
of polynomial character. The empirical–dynamical models uses the
bare truncation of the full QG3 model for the deterministic dynamical operator, plus additive noise, source and linear damping
terms. Finally, the MTV-type reduced models use standard projection methods from the theory of stochastic differential equations
[65–67] to derive both the deterministic and the stochastic part of
the reduced dynamics.
The EMR approach is not based in any way on the information
contained in a dynamical model that may have produced the data;
instead, it applies a purely data-driven methodology by assuming
a general functional form of the reduced model and reconstructing its parameters by regression. It thus has the advantage of applying equally well to constructing dynamical models by using observational data alone [89], when the governing equations are not
known at all or are too cumbersome to use in a given application.
EMR models have produced excellent goodness-of-fit results when
compared to the full QG3 model [2], as well as to observational seasurface temperature data [89], and to several other problems [45].
The EMR regression procedure parameterizes the systems dynamics in purely statistical terms and is thus very flexible; for example,
Kondrashov et al. [2] fit EMR models using the QG3s time series
of the 500-mb streamfunction field alone – vs. the full three-level
streamfunction used here – and obtained essentially the samequality match between the full- and reduced-model behavior as
we do in the present study. A detailed discussion of the reasons for
the more parsimonious, barotropic EMR models success goes beyond the purview of this purely methodological paper.
These models, however, do not automatically provide causal,
dynamical information on the statistical features of the data set
that they manage to capture. Moreover, EMR models may produce
unstable climates since their nonlinearities do not conserve
quadratic invariants such as total energy or (potential) enstrophy.
In an attempt to obtain deeper insights into the nature of midlatitude atmospheric LFV, we merely used this type of reduced
models to benchmark the empirical–dynamical and MTV-type
models’ performance. To provide a level ‘‘playing field’’ for all three
approaches, all reduced models retained R = 10 leading EOFs as
their resolved modes, while the other J − R = 693 − 10 modes were
considered as unresolved and modeled stochastically.
Empirical–dynamical reduced models were constructed by
specifying the nonlinear terms to be the same as in the full QG3
model, while fitting the coefficients of the linear terms, sources
and additive noise via EKF methodology [93]. The full-model equations were projected on the truncated EOF basis of choice; the
orthogonality of the EOF basis with respect to the chosen inner product and conservation properties of the QG3 model’s nonlinearities guarantee that the projected equations conserve the
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Fig. 14. Same as in Fig. 12, but for the semi-empirical model.

Fig. 15. Same as in Fig. 12, but for the MTV model with EKF-based parameter estimation.

appropriate quadratic invariant at any truncation. Interactions
between resolved and unresolved modes were then modeled by
a simple Ornstein–Uhlenbeck stochastic process. The coefficients
of this stochastic process were estimated via sequential parameter
estimation.
The semi-empirical reduced models thus obtained reproduce
the statistics of the QG3 model’s simulated data set reasonably well
for both the EOF bases consistent with the energy and potentialenstrophy norm, respectively. The climate drift present in the leading modes of the bare-truncation model – i.e., in the absence of
any EKF-based correction – was virtually eliminated in the corrected models, and the variance of the retained EOFs was well
captured. We found, however, that even the EKF-corrected empirical–dynamical models do not fully capture the non-Gaussian

features of the QG3 model’s LFV. Overall, the best semi-empirical
models failed to capture the full-model statistics we tested to the
same extent as the purely empirical, EMR models. A reason for this
shortfall might be that empirical–dynamical reduced models need
more degrees of freedom to reproduce the full model’s statistical
properties as well as the EMR models did.
In the MTV stochastic mode reduction approach, no assumptions about system dynamics – except for the one of quadratic
nonlinearity – are made on the level of the resolved variables. This
approach, however, has two disadvantages which we attempted
to compensate for by using sequential parameter estimation. First,
the main assumption of the MTV approach is that there is time
scale separation between the resolved and unresolved modes; in
other words, the parameter that measures the ratio of the integral
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correlation time of the slowest unresolved mode to the fastest resolved mode is assumed to be close to zero. This assumption does
not hold for the QG3 model used in the present study; nor does it
hold for other realistic atmospheric models that we are aware of.
Second, calculating the optimal coefficients for the resolved modes
would require an enormous computational effort for realistic highdimensional models. Franzke et al. [69] and Franzke and Majda [70]
had to use million-day-long model simulations to properly determine these coefficients.
Since the typical number of days of observational data for atmospheric LFV is a few thousand, at best, and the simulation time
of high-resolution, complete-physics climate models is also quite
limited, we used the above-mentioned truncated EOF basis, as well
as shorter time series to estimate the correlation integrals necessitated by the MTV approach. Sequential parameter estimation
worked quite well in correcting the mean and variance of the resolved modes, even with these much shorter QG3-simulated data
sets. We also learned that including multiplicative noise in the
effective equations, as proposed by the MTV approach, does not
show any significant improvement in the reduced-model performance. Still, even when enhancing the MTV-type reduced models
by sequential parameter estimation, these models failed to capture the non-Gaussianity of the QG3 model’s data set: the modified MTV models produced essentially Gaussian one-dimensional
PDFs, and could not identify the multiple-regime behavior present
in the full QG3 model and the observational data for the Northern
Hemisphere.
5.2. Discussion
Overall, both the semi-empirical and the MTV-type reduced
models failed to produce goodness-of-fit close to that of the EMR
models for the statistical properties examined; these properties
included one-dimensional PDFs and autocorrelations, as well as
multi-dimensional PDFs and multiple-regime behavior. The performance of these two types of models, while less impressive than
that of the EMR models, was comparable between the two types
in terms of ‘‘linear’’ statistical characteristics, such as the onedimensional autocorrelation functions, with somewhat better results produced by MTV models. However, these MTV-type models
performed considerably worse than the semi-empirical models in
capturing the multiple-regime behavior of the full QG3 model and
the atmospheric observations.
Our examination of the three types of the reduced models
thus shows that their performance degrades as fewer statistical
corrections are employed to construct the model: the purely empirical models perform best of all, the statistically enhanced baretruncation models or EKF-corrected MTV models do worse, but
still capture some linear and, for the case of semi-empirical models, nonlinear characteristics of LFV, while the theoretically most
promising, dynamics-based MTV approach without data assimilation produces the worst results in capturing full-model behavior,
including substantial climate drift and wrong variances of the simulated EOF modes.
Comparison of two distinct versions of the MTV-type models
does provide some insight into the dynamics behind atmospheric
LFV, by suggesting that the interaction between fast and slow
modes – at least as modeled by ‘‘multiplicative noise’’ – is secondary. This result might imply that the so-called synoptic-eddy
feedback [26,100,32,101] could be less important in determining
the properties of atmospheric LFV than the interactions among the
LFV modes themselves.
We need to point out two apparent differences in our conclusions regarding the ability of MTV-type models to capture the full
QG3 models behavior vs. the conclusions drawn by Franzke and
Majda [69]. In particular, the latter authors applied MTV analysis to
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the hemispheric version of the QG3 model, in contrast to the global
version used in the present study; they then argued that the best
MTV model version is the one with downscaled bare-truncation
terms and upscaled augmented linearity and multiplicative-triad
terms. We think that the quantitative differences between the MTV
model performance here and in [69] are due, at least in part, to
different, global vs. hemispheric versions of the QG3 model being studied. More importantly, we note that our MTV model using EKF-based corrections performs as well or better than the best
model of [69] in capturing the probability density and autocorrelation functions of the full QG3 model, despite our neglecting the
cubic nonlinearity terms in the reduced models. Franzke and Majda
did not attempt to consider their reduced model behavior with cubic nonlinearities suppressed, so there is no factual contradiction
between our results. Furthermore, the PDFs of the reduced models
in [69] are all nearly Gaussian, which is also consistent with our
results.
Our overall conclusion is that a satisfactory theory of midlatitude LFV has to explain the surprisingly good performance of
low-order EMR models. The limitations of the two other types of
reduced models suggest that such a theory is still to be developed.
In spite of the fact that EMR models do not automatically provide
such a theory — i.e., their quadratically nonlinear dynamics and
multi-level driving noise do not provide an easy way to ‘‘read’’ the
hidden causality of the full model’s complex behavior directly from
the model’s analytical form – they can be used for providing important insights.
First of all, one can combine EMR methodology and the semiempirical approach by introducing the multi-level regression
modeling of the residual tendencies into the empirical–dynamical
models. Doing so would still allow one to interpret the quadratic
terms of such a semi-empirical models main level as representing
energy exchange between the resolved modes.
Second, [2] showed how to use the EMR models’ much greater
flexibility in studying the dynamic and stochastic contributions to
obtaining the multiple regimes and the intraseasonal oscillations
present in the QG3 model and in atmospheric observations of
LFV; see also [34]. They applied standard tools from numerical
bifurcation theory for deterministic dynamical systems to the
quadratically nonlinear deterministic operator of their optimal
EMR model, and used a continuation method on the variance of
the multi-level noise process. This somewhat ad hoc combination
of continuation methods allowed them to move all the way from
fixed points of the deterministic operator to the multiple regimes
of the complete EMR model, with its optimal parameter values.
Finally, the relatively recent theory of random dynamical systems [102] might allow one to proceed from the ad hoc combination of continuation methods in [2] to a more systematic way of
extracting the causal mechanisms of atmospheric LFV. For instance, Ghil et al. [103] applied concepts and methods from random dynamical systems to problems of natural and anthropogenic
climate change on interdecadal time scales. These authors showed,
on the hand of simple examples, that the smoothing effect of the
noise may permit a more parsimonious coarse-grained classification of a model’s behavior in its phase-parameter space than in the
purely deterministic case. Such coarse-graining of behavior might
apply not only to the reduced model of interest, whether of EMRtype or of the other two classes we considered in this paper, but
also to the full model or the actual observational data sets underlying the entire problem under study.
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Appendix A. Parameter estimation methodology
Here we give a brief account of the parameter estimation methods used in this paper. The main idea behind this methodology is
using the higher-order statistics of a given time series to estimate
the unknown parameters of the noise covariance matrix; these parameters are estimated by using a secondary Kalman filter. The parameters of the deterministic part of the stochastic process x, as
well as the statistics used as an input for the secondary Kalman filter are estimated by the primary EKF, along with the state vector
of the system.
Primary filter. Consider first a discrete nonlinear stochasticdynamic system
wt (k) = !(k − 1)wt (k − 1) + B(k − 1)bt (k − 1)

(A.1)

wo (k) = H(k)wt (k) + bo (k),

(A.2)

with observations

where the n-vector wt is the true state at the time k, wo (k) is
the p-vector of observations, bt (k) is the q-vector of system noise
and bo (k) is the p-vector of observational noise. Matrices !(k),
B(k), and H(k) are uniformly completely observable and uniformly
completely controllable. The system noise bt and observational
noise bo are centered, Gaussian, white in time, and uncorrelated
with each other:
Ebt = 0,

Ebo = 0,

Ebt (k)bt (l)T = δkl Q,

Ebo (k)bo (l)T = δkl R,

Ebo (l)bt (l)T = 0.

(A.3)
(A.4)
(A.5)

Under the stated assumptions, the Kalman filter is the optimal
data assimilation system, and it is given by:
wf (k) = !(k − 1)wa (k − 1),

Pf (k) = !(k − 1)Pa (k − 1)!(k − 1)T

+ B(k − 1)Q(k − 1)B(k − 1)T ,

K(k) = Pf (k)H(k)T (H(k)Pf(k) H(k)T + R(k))−1 ,
a(k)

P

(A.6)

f

= (I − K(k)H(k))P (k),

wa (k) = wf (k) + K(k)(wo (k) − H(k)wf (k)),

where K(k) is the Kalman gain matrix, while Pf (k) and Pa (k) are
forecast and analysis error covariance matrices defined by
Pf ,a (k) = E (wf ,a (k) − wt (k))(wf ,a (k) − wt (k))T .

(A.7)

In the present context, observational noise bo (k) is zero since
our observations are in fact simulated data obtained by integrating
the QG3 model. Furthermore, matrices H and B are stationary.
In the idealized situation above, when the dynamics of the system, as well as the observations, are linear in the state variables and
are disturbed only by additive white Gaussian noise with known
first- and second-order statistics, the Kalman filter yields optimal
state estimates. In practice, even when the state and observation

)
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models are linear, filters are generally suboptimal because insufficient information about the noise statistics is available. If the model
dynamics includes nonlinearities, one of the simplest approximate
nonlinear filters is the extended Kalman filter (EKF). In the EKF, the
now nonlinear dynamics operator !(w(k)) is replaced by its linearization around the current analyzed state of the system wa (k):

'
∂ ! ''
ψ(k) =
.
∂ w 'w=wa (k)

(A.8)

This replacement is only used in the covariance evolution equation
for Pf (k), while the state itself is still allowed to evolve with the full
nonlinear operator !(w(k), k).
We use methodology based on a secondary Kalman filter to
estimate the noise parameters [93]. This methodology invokes
the assumption that the noise covariance matrix is stationary and
depends on the parameters linearly, so that
Q=

N
!

αi Qi ,

(A.9)

i=1

where N is a number of noise parameters. For the truly optimal
Kalman filter of Eqs. (A.1)–(A.7), the innovation sequence v(k) =
wo (k) − Hwf (k) is a white noise: in this case, the filter extracts
all the useful information from observations. It can be shown that,
under the assumption (A.9), the lag-correlation function of the
innovations v(k) is also a linear function of these unknown noise
parameters [104] so that
Ev(k)v(k − l) =

N
!
i =1

αi Fi (k, l) + F̃(k, l),

(A.10)

where the matrices Fi (k, l) are known and can be calculated
recursively, while the residue F̃(k, l) is small and bounded for all k:
Ev(k)v(k − l) ≈

N
!

αi Fi (k, l).

(A.11)

i =1

It follows from (A.11) that
v(k)v(k − l) =

N
!
i=1

αi Fi (k, l) + Γ (k, l),

(A.12)

where Γ (k, l) is a random matrix with E Γ (k, l) = 0. The sample
lag-covariances on the left side of (A.12) and the matrices Fi (k, l)
under the summation are both known and are obtained from the
primary filter output.
Secondary filter. The approach of Dee et al. [93] is to regard α
as a secondary state vector, to be estimated via a secondary filter.
Eq. (A.12) is the observation model for α, Fi (k, l) are blocks of the
observation matrix, and Γ (k, l) is the observational noise.
Given this observational model one can derive a secondary
Kalman filter to estimate α. To do that we need to rewrite the observation model (A.12) in a more convenient vector form. Let v ec A
denote the p2 -vector obtained by concatenating the columns ai of
any p × p matrix A. Then we define

σ(k, l) = v ec [v(k)v(l)T ],
G(k, l) = [v ec F1 (k, l), . . . , v ec FN (k, l)],
η(k, l) = v ec Γ (k, l),

(A.13)

where σ and η are p2 -vectors and G is a p2 × N matrix. We define a
counter t = t (k, l) that corresponds to the order in which the sample lag-covariances are generated. We now can write equations for
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the state and observation models for the secondary state vector α:

α(t ) = α(t − 1),
σ(t ) = Γ (t )α(t ) + η(t ).

(A.14)
(A.15)

Consider now the secondary observation noise η(t ), which has
mean zero and covariance matrix W(t1 , t2 ; α), so that
W(t1 , t2 ; α) = E [σ(k1 , l1 ) − E σ(k1 , l1 )][σ(k2 , l2 ) − E σ(k2 , l2 )]T .

(A.16)

According to (A.13), W is therefore a function of fourth-order moments of the innovations v(k), which in turn depends on α. The
inherently nonlinear nature of parameter estimation, even in the
presence of the linear dynamics ! and observations H, is manifested in this dependence of W on α. The problem is linearized
upon approximating W(t1 , t2 ; α) by We (t1 , t2 ) = W(t1 , t2 ; αe ). If
αe = α, the primary filter would be optimal and, by the innovation
property of the Kalman filter, the innovation sequence v(k) would
be white and Gaussian. It then follows that We (t1 , t2 ) = 0 if t1 0= t2
and we only need to consider
We (t ) = W(t1 , t2 ; αe ).

(A.17)

With this linearization, the Kalman filter for the secondary
model (A.14) is
Kα (t ) = Θ(t − 1)Γ (t )T [Γ (t )Θ(t − 1)Γ (t )T + We (t )]−1 ,

αa (t ) = αa (t − 1) + Kα (t )[σ(t ) − Γ (t )αa (t − 1)],
(A.18)
Θ(t ) = [I − Kα (t )Γ (t )]Θ(t − 1),
where αa (t ) denotes the estimate of α(t ) and Θ(t ) is the estimated
error covariance. The filter is provided initial values αa (0) = αe
and Θ(0), the latter being an a priori estimate of E (αe −α)(αe −α)T .

Dee, et al. [93] developed the methodology described above
for a linear problem. We extend it here to the nonlinear systems
of interest in the context of reduced LFV models. The success
with which noise covariances are estimated will depend on how
well a given nonlinear primary filter maintains *F̃(k, l)* small and
bounded. As we saw in Sections 4.2 and 4.3, this was indeed the
case for the semi-empirical and MTV-type models under consideration.
Appendix B. Expressions for MTV coefficients
The constant tensors in Eqs. (21) and (22) are computed as
follows:
(1)

Qij

(2)

Qij

=

(
1! ∞

dtLil Ljk Blk (t ),

=

2

dtBikl Bjmn (Bkm (t )Bln (t ) + Bkn (t )Blm (t )),

Uijk =
Vjikl =

2

−∞

lk

(
1! ∞

!(
ln

∞
−∞

!(
mn

−∞

lk

∞

−∞

αβ αβ

(B.1)

αββ αββ

(B.2)
αβ ααβ

αβ ααβ

dt (Lil Bjkn + Ljl Bikn )Bln (t ),
ααβ ααβ

dtBikm Bjln Bmn (t ),

(B.3)
(B.4)

where the quantity Bij (s) is defined as

Bij (s) = Bji (−s) = lim

T →∞

1
T

(

T
0

dt βi (t )βj (t + s).

(B.5)

It can be shown that the left-hand sides in Eqs. (21) and (22) are
(1)
(2)
positive definite m × m tensors so σij (α(t )) and σij exist and
can be calculated by Cholesky decomposition. Note that the noise
covariance matrix depends nonlinearly on the large-scale flow α .
The quantities L̃ij , B̃ijk and M̃ijkl in (20) are given by expressions of
the type (B.1)–(B.4), involving weighted integrals of the unresolved
processes’ autocorrelation (B.5).
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